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The c h a r a c t e r i s t i c s  of t h e  wind near  the  ground are of p a r t i c u l a r  
s i g n i f i c a n c e  as a source of aerodynamic loads imposed on vehicles during 
launch operat ions.  The need  fo r  quan t i t a t ive  da t a  and  be t t e r  unde r s t and ing  
of t h e  s ta t i s t ica l  p r o p e r t i e s  o f  t h e s e  c h a r a c t e r i s t i c s  h a s  l e d  t o  t h e  
cons t ruc t ion  of  a 150-meter meteorological tower on Merritt I s l a n d  a t  the  
Kennedy Space  Center. The p r e s e n t  r e p o r t  p r e s e n t s  t h e  r e s u l t s  of a one- 
year study of wind d a t a  f o r  t h i s  s i te  that  has  been conducted a t  The 
Pennsylvania  S ta te  Univers i ty .  
The p r i n c i p a l  aim of th i s  s tudy ,  which  is  cont inuing ,  has  been  to  
de t e rmine  the  f ac to r s  a f f ec t ing  the  s t ruc tu re  o f  t he  wind ,  wind shear ,  and 
assoc ia ted  turbulence  so  as to  permi t  pred ic t ions  about  the  s ta t i s t ica l  
e f f e c t s  o f  wind on space  veh ic l e s ,  bo th  on t h e  pad and during the f i r s t  
few moments o f  f l i g h t .  When t h e  e f f e c t s  of parameters such as wind 
d i r e c t i o n ,  s t a b i l i t y ,  e tc .  on t h e  wind shear  and turbulence are known, 
then  s ta t i s t ica l  models of the turbulent environment can be constructed 
based on the cl imatology of t he  r e l evan t  pa rame te r s .  
The research  repor ted  here  w a s  conducted pr imari ly  by H. A. Panofsky, 
Evan  Pugh P ro fes so r  of Atmospheric Sciences, A .  K. Blackadar ,  Professor  of  
Meteorology, and J .  A .  Dut ton ,  Assoc ia te  Professor  of Meteorology. 
S ign i f i can t  con t r ibu t ions  were a l s o  made by R. T .  Duquet,  Associate Professor 
of Meteorology, and by Anton Chaplin, Dennis Deaven, James J.  Watts, and 
El izabe th  Mares, Research Associates in the Department of Meteorology. 
The r e p o r t  summarizes nea r ly  a l l  a spec t s  of the research conducted 
d u r i n g  t h e  f i r s t  y e a r ' s  s t u d y .  Not included is  a documentation of a computer 
program "TRANS" t h a t  was developed by Duquet (1967) t o  compute Four i e r  
transforms of series of real numbers  and,  from the  t ransforms,  to  provide  
estimates of spec t ra  and  cross -spec t ra  of  these  series. The program is  
based on the Cooley-Tukey Fast  Fourier Transform algorithm and provides a 
package of a u x i l i a r y  s u b r o u t i n e s  t h a t  f a c i l i t a t e s  t h e  a n a l y s i s  of da t a .  A 
d o c m e n t a t i o n  o f  t h i s  program was i s sued  as a repor t  under  the  pro jec t  and  
i s  a v a i l a b l e  from the Department. 
V i  
The d a t a  examined in t he  s tudy  cons i s t ed  of 84 runs, approximately 
one hour in  dura t ion ,  compr is ing  0.1 second values  of  horizontal  wind 
components t oge the r  w i th  mean wind direct ion,  speed,  and temperature  a t  
each of s i x  l e v e l s  on t h e  15Om tower. The tower f a c i l i t y  h a s  b e e n  
d i s c u s s e d  i n  d e t a i l  by Kaufman and Keene (1968) and w i l l  b e  o n l y  b r i e f l y  
s m a r i z e d  below. 
a. T e r r a i n   f e a t u r e s  
Figure 0.1 shows t h e  l o c a t i o n  of t h e  f a c i l i t y  w i t h  r e s p e c t  t o  t h e  
Sa turn  V space  vehic le  launch  complex  39. Located about three miles from 
t h e  A t l a n t i c  Ocean, the tower is s i t u a t e d  i n  a well-exposed area f r e e  of 
n e a r b y  s t r u c t u r e s  t h a t  c o u l d  i n t e r f e r e  w i t h  t h e  a i r  flow. 
The aerial photograph (Fig.  0 .2)  of  the terrain surrounding the 
tower (point  T) was taken a t  1065  meters  above mean s e a  l e v e l .  In the 
quadrant from approximately 300 degrees  north azimuth with respect  to  the 
tower, clockwise around to 90 d e g r e e s ,  t h e  t e r r a i n  is  homogeneous  and is  
covered with vegetation about one-half  to one and one-half meters high. 
Another homogeneous f e t c h  w i t h  t h e  same type of vege ta t ion  occurs  in  the  
135- t o  160-degree  quadrant. The areas A (230-300 degrees) ,  B (90-135 
degrees),  and C (160-180 degrees) are covered with trees from about 10 t o  
15 meters t a l l .  The f e t c h  from the tower to  areas A o r  C is about 200 
meters, and t h e  f e t c h  t o  area B is about 450 meters. The he igh t  of the  
vegetat ion over  these fetches ranges from one-half t o  one  and  one-half 
meters, as i n  t h e  area t o  t h e  n o r t h  of the tower.  To the  south-southwest 
i n  t h e  180- t o  230-degree quadrant 225 meters from the tower,  there is a 
body of water c a l l e d  Happy Creek. 
b . Ins t rumenta t ion  
The complete tower f ac i l i t y  compr i se s  two towers,  one 1 8  meters 
and  the  o ther  150 meters high (see Fig.  0.3).  The l e v e l s  on both towers 
are ins t rumented  wi th  C l i m e t  (Model C1-14) wind sensors.  Temperature 
senso r s ,  C l i m e t  (Model  -016) aspirated thermocouples,  are loca ted  a t  t h e  
3- and 18-meter l e v e l s  on t h e  small tower and a t  t h e  30-, 60-, 120-,  and 
150-meter levels on the   l a rger   tower .  Foxboro  (Model F-271lAG) dewpoint 
v i i  
- 
SCALE 1" : 4000' 
Figure  0 .1  Loca t ion  of  the NASA 15Q-meter  tower f a c i l i t y  relative t o -  
pads A and B fn  Launch Complex 39 a t  Kennedy Space Center, 
F lo r ida .  
v i i i  
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Figure 0.2 Aerial plan of the NASA meteorological tower facility taken at 
1065 meters above mean sea level. See text for explanation. 
temperature  sensors  are l o c a t e d  a t  t h e  60- and 150-meter levels on t h e  
large tower and a t  t h e  3-meter level on the 18-meter tower. Wind speed 
and  direct ion  data   can  be  recorded on both  paper  s t r ip  char t s  and  ana log  . 
magnet ic  tapes  with an Ampex FR-1200 fourteen-channel magnetic tape 
recorder which uses a 14-inch reel. The temperature and dewpoint data 
are recorded on p a p e r  s t r i p  c h a r t s .  To avoid tower interference of  the 
f low,  the large tower is ins t rumented  wi th  two banks of wind sensors. 
The d e t a i l s  of how and when one switches from one bank of ins t rumenta t ion  
t o  t h e  o t h e r  bank were discussed by Kaufman and Keene. During a test i n  
which the wind data are s t o r e d  on magnet ic  tape,  only one bank of 
ins t rumenta t ion  is used.  This  avoids  interrupt ion of  the wind d a t a  
s i g n a l s  w i t h i n  any magnetic tape recording period, and thus avoids data- 
p r o c e s s i n g  d i f f i c u l t i e s  when conve r t ing  ana log  t apes  to  d ig i t a l  tapes. 
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and control  system design and ope ra t ions .  
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I. A PRELIMINARY  STUDY  OF THE PROBABILISTIC STRUCTURE 
OF TURBULENT FORCING  OF LAUNCH VEHICLES 
John A. Dutton 
1.1 In t roduc t ion  
The loads on the s t ructure  and control  systems of aerospace vehicles  
arise from a va r i e ty  o f  sou rces ,  and the  r e sponses  to  these  loads  invo lve  
i n t e r a c t i o n s  by d ive r se  components  of  the  system.  Design of a success fu l  
vehic le  obvious ly  involves  de te rmina t ion  of  the  sources  of loads and a 
s p e c i f i c a t i o n  o f  t h e  c h a r a c t e r i s t i c s  of both the loading and the responses  
which can be expected. 
The i n t e r e s t  i n  t h i s  r e p o r t  c e n t e r s  on development of s u i t a b l e  
a n a l y t i c a l  and empirical  models of the environment  for  the s tudy of  the 
forcing of  vehicle  response by the winds and turbulence which i t  encounters .  
The t o t a l  l o a d i n g  of a vehic le  can  be  separa ted  in to  two d i s t i n c t  c a s e s .  
F i r s t ,  t h e r e  are the responses to the environment which occur while the 
veh ic l e  is on the  launch  pad. The second case inc ludes  a l l  the  loads  and 
responses which occur  du r ing  the  f l i gh t  of  the vehicle .  
While t h e  v e h i c l e  is on the launch pad, i t  is s u b j e c t e d  t o  t h e  f o r c e s  
and  torques  imposed by the  ambient  wind  and  turbulence  f ields.  A proto type  
case i s  t h a t  of a c a n t i l e v e r  beam i n  a tu rbu len t  stream. The s tudy of  this  
problem is a r e l a t i v e l y  s t r a i g h t f o r w a r d  one, pa r t i cu la r ly  because  a number 
of simplifying  assumptions may be  invoked. We s h a l l  r e f e r  t o  t h e  s t u d y  of 
vehic le  forc ing  on the launch pad as t h e  s t a t i c  case. 
More complex problems are encoun te red  in  the  a t t empt  to  s tudy  the  
loads  and  responses  of a l a u n c h  v e h i c l e  i n  f l i g h t .  Two main  sources  of 
i n - f l i gh t  l oad ing  are i n h e r e n t  i n  t h e  v e h i c l e  and its m i s s i o n .  F i r s t ,  
t h e r e  w i l l  b e  n a t u r a l  o s c i l l a t o r y  modes of t h e  s t r u c t u r e  which may be 
e x c i t e d  d u r i n g  f l i g h t .  Second,  loads w i l l  be  imposed  by the .cont ro1  sys tem 
as i t  a t t e m p t s  t o  f o l l o w  an es tab l i shed  t ra jec tory .  These  two sources of 
loads  can  themselves  lead  to  ca tas t rophic  responses .  
2 
A t h i rd  sou rce  o f  i n - f l i gh t  l oads  is the environment  in  which the 
v e h i c l e  m u s t  opera te .  The aerodynamic loadings on t h e  v e h i c l e  w i l l  be  
a l t e r e d  when atmospheric  turbulence is encountered,  and torques induced 
b y  s h e a r s  i n  b o t h  t h e  mean wind and i ts  tu rbu len t  component require  load-  
inducing commands from the  cont ro l  sys tem.  The environment may provide 
s i g n i f i c a n t  f o r c i n g  o f  n a t u r a l  modes i n  b o t h  s t r u c t u r a l  and control  
components of t he  veh ic l e ,  and  due t o  t h e  p o s s i b i l i t y  t h a t  d i s a s t r o u s  
atmospheric  configurat ions may be encountered, the environment may a l s o  
be a source of ca tas t rophic  response .  
On a given launch, both deterministic components of the environment,  
such as t h e  mean wind p r o f i l e ,  and random components, such as t h e  t u r b u l e n t  
pa r t s  o f  t he  mot ion  f i e ld ,  may be important .  The aspect which complicates 
a n a l y s i s  i s  that the designer must be concerned with the ensemble of 
possible  a tmospheric  configurat ions,  and thus is  f o r c e d  t o  view any 
p a r t i c u l a r  case as a r e a l i z a t i o n  o f  a random process .  
Therefore ,  both the s t a t i c  and in-f l ight  response problems are 
e s s e n t i a l l y  t h o s e  of a de te rminis t ic  sys tem forced  by a random environment. 
The crucial  quest ion,  in  developing adequate  design proce 'dures ,  then,  is  
what information about the atmospheric environments is  needed and how can 
i t  be  used  e f fec t ive ly .  
1 . 2  Approaches t o   t h e   p r o b a b i l i s t i c   s t u d y  " of response -
Two a p p r o a c h e s ,  d i f f e r e n t  i n  s p i r i t  b u t  n e c e s s a r i l y  i n t e r r e l a t e d ,  
are p o s s i b l e .  I n  t h e  f i r s t ,  t h e  emphasis is placed upon t h e  c h a r a c t e r i s t i c s  
of the temporal relationships between the environment and the response.  
In  essence,  the response at any t i m e  is viewed as a funct ional  depending 
upon t h e  e n t i r e  p a s t  h i s t o r y  of t he  r e l evan t  a tmosphe r i c  va r i ab le s .  An 
example  of t h i s  t y p e  of s tudy  i s  the determinat ion of t h e  s p e c t r a  of 
responses  from the  spec t r a  o f  a tmosphe r i c  va r i ab le s .  When t h e  c h a r a c t e r i s t i c s  
of t he  ' f unc t iona l  r e l a t ing  r e sponse  to  the  en t i r e  pas t  o f  t he  fo rc ing  are 
known, . i t  i s  i n  p r i n c i p l e  p o s s i b l e  t o  d e t e r m i n e  t h e  p r o b a b i l i s t i c  s t r u c t u r e  
of t he  r e sponse ,  and  th i s  pe rmi t s  t he  des igne r  t o  assess s y s t e m  r e l i a b i l i t y  
on the basis  of  confidence limits de r ived  empi r i ca l ly  from atmospheric  data .  
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The second major approach is to  concen t r a t e  on t h e  p r o b a b i l i s t i c  
s t r u c t u r e  of the  response  as de termined  f rom the  probabi l i s t ic  
c h a r a c t e r i s t i c s  o f  t h e  f o r c i n g ,  i g n o r i n g  as much as poss ib le  the  tempora l  
sequencing  of  events.  For  example, a l inear  system forced by a Gaussian 
process  w i l l  i t s e l f  p o s s e s s  a Gaussian response and thus the s ta t i s t ica l  
c h a r a c t e r i s t i c s  of the  response  can  be  de te rmined  wi th  the  func t iona l  
r e l a t ionsh ip  be tween  inpu t  and  ou tpu t  u sed  on ly  to  e s t ab l i sh  r e l a t ionsh ips  
between basic statist ical  parameters such as means and va r i ances ;  t he  
de t a i l s  o f  t empora l  s equenc ing  can  be  neg lec t ed .  In  th i s  approach  the  
emphasis is on t h e  p r o b a b i l i s t i c  s t r u c t u r e  of a phase space composed of 
r e l e v a n t  v e h i c l e  and  a tmosphe r i c  va r i ab le s ,  and  the  p rec i se  t r a j ec to r i e s  
in  the  phase  space  represent ing  ac tua l  sequences  of  events  are only of 
m i n o r   i n t e r e s t  . 
Although this  second approach of  concentrat ing on the phase space 
is the  more economical and sophisticated method of contemplating response 
problems, it i s  on ly  poss ib l e  a t  p r e s e n t  i n  c e r t a i n  s i m p l i f i e d  s i t u a t i o n s .  
The necessi ty  of  deal ing with nonl inear  responses  or  non-Gaussian forcing 
i n  most of the important cases necess i t a t e s  de t e rmina t ion  of t h e  s t r u c t u r e  
of  these  phase  spaces by t h e  c a l c u l a t i o n  of  numerous t r a j e c t o r i e s .  It i s  
n e c e s s a r y ,  i n  e f f e c t ,  t o  a d o p t  t h e  f i r s t  a p p r o a c h  and to  s tudy  the  t empora l  
sequencing of response as a func t iona l  o f  f o r c i n g  i n  s u f f i c i e n t  d e t a i l  t h a t  
t h e  r e s u l t i n g  t r a j e c t o r i e s  are dense  enough in  the  phase  space  s o  t h a t  i ts  
s t ruc tu re  can  be  a sce r t a ined .  
The f i r s t  s t e p ,  r e g a r d l e s s  of  which  approach is used, is  to  de t e rmine  
the  s t a t i s t i ca l  s t r u c t u r e  of the   forc ing .  Thus w e  f i r s t  c o n s i d e r  t h e  
p r o b a b i l i s t i c  c h a r a c t e r i s t i c s  of a tmospheric  turbulence as revea led  by wind 
measurements a t  the  Kennedy Space  Center.  Comparisons  with some o t h e r  d a t a  
on atmospheric turbulence w i l l  be  made as a n  a i d  i n  e s t a b l i s h i n g  t h e  
r e l i a b i l i t y  and gene ra l  app l i cab i l i t y  o f  t he  conc lus ions .  
1.3 Topics   t o   be   d i scussed  
Some of  the  bas ic  theory  is reviewed i n  t h e  n e x t  s e c t i o n  a n d  t h e  
p a r t i c u l a r  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  a n a l y s i s  of  launch vehicles  are 
considered.  The p r e l i m i n a r y  o b s e r v a t i o n a l  r e s u l t s  now a v a i l a b l e  are 
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presented and some c o n c l u s i o n s  a b o u t  t h e  p r o b a b i l i s t i c  s t r u c t u r e  of tu rbulence  
j us t i f   i e d  . 
Fina l ly ,  an  approach  to  the  s tudy  o f  t he  s t ruc tu re  o f  t he  l a rges t  gus t s  
w h i c h  h a s  p a r t i c u l a r  s i g n i f i c a n c e  f o r  s i m u l a t i o n  s t u d i e s  i s  developed and 
i l l u s t r a t e d  w i t h  a preliminary sample of data.  This approach, which is based 
on the proper orthogonal decomposition theorem, is  t h e n  u s e d  t o  e s t a b l i s h  a 
theory  of  the  spec t ra  of launch  vehic le  response .  
1 . 4  Some aspects of  response s ta t i s t ics  
The most  genera l  charac te r iza t ion  of  the  re la t ionship  be tween the  
response of launch vehicles and the forcing of the atmosphere may be 
w r i t t e n  as 
(1.1) $i = Y i ( t ;   y l , . . . , y n ;   y , . . . , u  m ) ( i  = 1, 2 ,  ..., n) 
i n  which y are the   response   var iab les ,  qi t h e i r  d e r i v a t i v e s ,  u are t h e  
atmospheric   forcing  funct ions,   and t i s  t ime .   H ighe r   o rde r   d i f f e ren t i a l  
systems can always be put  in  this  form by add i t ion  o f  aux i l i a ry  va r i ab le s  
i f  n e c e s s a r y .  When s o l u t i o n s  ex is t  they may b e  w r i t t e n  as funct ions of  
t i m e  a n d  t h e  i n i t i a l  v a l u e s  y . ( t  ) i n  t h e  g e n e r a l  form 
i j 
1 0  
The e f f e c t  of t he  fo rc ing  va r i ab le s  i s  now masked i n  t h e  time dependence 
ind ica t ed .  Thus i n  p r i n c i p l e  t h e  p r o b a b i l i s t i c  s t r u c t u r e  of  the  var iab les  
Y i  
v a r i a b l e s .  
i s  determined by the  s ta t i s t ica l  c h a r a c t e r i s t i c s  of t he  fo rc ing  
1.5 Consequences  of l i n e a r i t y  
I n  many cases, the system (1.1) may be reduced by perturbation theory 
t o  a l inearized system of equations which may b e  w r i t t e n  as 
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where y i s  now an n x 1 v e c t o r  of 
var iab les ,  and  A and B the  (n  x n 
responses ,  u the  m x 1 vec to r  of forc ing  
and n x m) matrices of  constant  
c o e f f i c i e n t s  . Such a system of  equat ions has  the formal  solut ion 
t 
= / eA(t-T)Bu(T)dT + y ( t o ) e  A t  
L 
i n  which the exponents with matrix arguments may b e  s p e c i f i c a l l y  e v a l u a t e d  
with a MacLaurin's series. The usual assumption that ~(-03) vanishes and the 
d e f i n i t i o n  of the  mat r ix  
a l lows  us  to  write 
For many a e r o n a u t i c a l  a p p l i c a t i o n s ,  i t  can  be  assumed t h a t  (1 .6)  
a p p l i e s  d i r e c t l y  t o  t h e  problem  and t h a t  due t o  t h e  l e n g t h y  h o r i z o n t a l  
t r a j e c t o r i e s  of a i r c r a f t  t h r o u g h  t u r b u l e n c e  f i e l d s  assumed t o  b e  homogeneous 
the  response  y may be  t r ea t ed  as a s t a t iona ry  p rocess .  The s t a t i c  problem 
fo r  l aunch  veh ic l e s  may a l s o  b e  t r e a t e d  i n  t h i s  manner, although the 
assumpt ion  of  s ta t ionar i ty  of the  forc ing  i s  not  as w e l l  j u s t i f i e d .  I n  both 
cases, emphas i s  t hen  sh i f t s  f rom (1 .6 )  t o  the  f ami l i a r  spec t r a l  equa t ions ,  
some aspec t s  of which are discussed by Dutton (1968).  But f o r  a n a l y s i s  of 
l a u n c h  v e h i c l e s  i n  f l i g h t  t h e s e  a s s u m p t i o n s  are ce r t a in ly  no t  va l id .  Fo r  
example, it is  no t  realist ic t o  r e d u c e  ( 1 . 4 )  t o  t h e  i n f i n i t e  form (1.6)  and 
fu r the rmore  the  in t eg ra l  mus t  be  ca l cu la t ed  a long  the  ac tua l  t r a j ec to ry  of 
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the  vehic le  th rough 
equation  (1.3) as a 
t h e  t u r b u l e n t  f i e l d .  f h u s  we  must rewrite t h e  b a s i c  
func t ion  of t h e  v e h i c l e  t r a j e c t o r y ,  x ( t ) ,  i n  t h e  form 
(1.7) i ( t )  = Ay(t) + B u ( x ( t ) , t )  - 
where u(x,t)  i s  the  vec to r  of t he  fo rc ing  





var i ab le s  eva lua ted  a t  p o s i t i o n  
( 1 . 8 )   y ( t )  = y(to)eAt + W(t--r)u(x(T),-r)d-r c 
I f  t h e  v e c t o r  y i n c l u d e s  s p e c i f i c a t i o n  o f  t h e  t r a j e c t o r y ,  x ( t ) ,  t h e n  ( 1 . 8 )  
is n o t  a n  a c t u a l  s o l u t i o n  t o  t h e  s y s t e m  (1.7)  because  the  forc ing  is  no 
longer  a f u n c t i o n  s o l e l y  of t h e  time b u t  now depends on p a r t  o f  t h e  v e c t o r  
y as w e l l .  Thus w e  have  r eve r t ed  to  the  form (1.1) and  no  general  method 
of  so lu t ion  i s  a v a i l a b l e .  
The appea rance   o f   t he   f i n i t e   va lue ,   i n   (1 .8 )   a l so  makes t h e  
usua l  approach  to  spec t r a l  t heo ry ,  which involves changes in the order of 
integrat ion,  ponderous a t  b e s t ,  a n d  p o i n t s  o u t  t h e  d i f f i c u l t i e s  i n  a t t e m p t i n g  
to  deve lop  a form of  the usual  spectral  procedures  which would be as u s e f u l  
fo r  l aunch  veh ic l e s  as it is f o r  a i r c r a f t .  Many of t h e s e  same d i f f i c u l t i e s ,  
i n c i d e n t a l l y ,  a p p e a r  i n  t h e  a t t e m p t  t o  a n a l y z e  t h e  s t a t i s t i c s  o f  r e s p o n s e  o f  
V/STOL a i r c r a f t .  
1.6  Consequences  of  Gaussian  forcing 
L e t  us assume t h a t  t h e  c o n t r o l  s y s t e m  h a s  s u f f i c i e n t  power t o  a c h i e v e  
an  e s t ab l i shed  t r a j ec to ry  wi thou t  e r ro r  s o  t h a t  x ( t )  is  known i n  advance. 
(Whether it does o r  n o t  w i l l ,  of course, depend upon t h e  wind v e l o c i t i e s  
encountered by the  veh ic l e . )  Then x ( t )  need not  be introduced in  the vector  
y and (1.8) is a solut ion of  the system. Now i f  t h e  v a r i a b l e s  u ( x ,  t )  were a 
r e a l i z a t i o n  o f  a Gauss i an  p rocess ,  t he  l i nea r  ope ra t ion  in  (1 .8 )  would 
preserve  tha t  s t ruc ture '  and  a l l  of  the necessary s t a t i s t i ca l  information 




For example,  consider the one-variable case and assume t h a t  y ( t  
0 
vanishes .  Upon assuming tha t  the  Gauss ian  forc ing  var iab le  has a 
vanish ing  expec ta t ion  a t  each  po in t  (x , t ) ,  w e  f i n d  t h a t  
7 
and t h a t  
Thus t h e  p r o b a b i l i s t i c  c h a r a c t e r i s t i c s  o f  t h e  v a r i a b l e  y are those  
of a Gaussian process with zero mean and var iance CT * = E { y ( t ) y ( t ) )  
determined with the aid of  the weight ing funct ion W ( T )  from t h e  c o r r e l a t i o n  
f u n c t i o n  o f  u ( x , t ) .  I f  u ( x , t )  is homogeneous i n  s p a c e  a n d  s t a t i o n a r y  i n  t i m e  
t h i s  c o r r e l a t i o n  becomes 
Y 
b u t  w e  s t i l l  cannot  conclude  tha t  y( t )  i s  s t a t iona ry  to  second  o rde r  because  
of t he   p re sence   o f   t he   f i n i t e  limits of i n t e g r a t i o n ,  which p o i n t   o u t   h e  
n o n - s t a t i o n a r y  e f f e c t s  t o  b e  e x p e c t e d  i n  t h e  i n i t i a l  p o r t i o n s  of f l i g h t .  
For  the s t a t i c  case, (1.6) shows tha t  t he  r e sponse  i s  a l i n e a r  
ope ra t ion  on the  fo rc ing  u.  Thus i f  t h e  f o r c i n g  i s  Gaussian,  so w i l l  the  
response be Gaussian with mean and var iance determined from (1.6) i n  t h e  
manner  of  (1.9)  and  (1.10). 
Because of the relative s impl i c i ty  o f  t he  ana lys i s  of Gaussian 
processes ,  the  de te rmina t ion  of whether turbulence can be so considered is 
obviously a f i r s t  r e q u i r e m e n t .  
1.7  Exceedance statist ics 
Perhaps of more p rac t i ca l  impor t ance  in  des ign  cons ide ra t ions  than  
t h e  b a s i c  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of the responses  are the exceedance 
statistics which  can  be  derived  from them. The basic  concepts  of  the 
theory are due t o  Rice (1939,  1945) ,  and  the  quant i ta t ive  in te res t  cen ters  
on the frequency with which a given value of  the response may be expected 
to  be  exceeded .  
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The development of the  theory  w i l l  b e  i l l u s t r a t e d  h e r e  by a 
der ivat ion fol lowing Crandal l  (1963);  a thorough and rigorous discussion 
i s  g iven  by Cramer and Leadbetter (1967).  
Consider a s ta t is t ical  p r o c e s s  y ( t )  d e f i n e d ,  f o r  t h e  p r e s e n t ,  
i n  d i s c r e t e  time a t  i n t e r v a l s  o f  A t  f o r  a per iod  of  length  T. We 
d e f i n e  t h e  q u a n t i t y  N(y) t..; be the frequency with which the process 
crosses  through the value y w i t h  p o s i t i v e  s l o p e  i n  u n i t  time. We may 
wri te  as t h e  p r o b a b i l i t y  t h a t  a p o i n t  s c i z c t e ~ l  a t  random w i l l  be  a 
p o i n t  a t  which y i s  c rossed  wi th  pos i t i ve  s lope  
P r  {crossing  of y} = Number of c ros s ings  of y i n  T T o t a l  number o f  p o i n t s  i n  T 
(1.12) - Number of  crossings  of y i n  T T / A t  
= N(y)At 
Now le t  u s  c o n s i d e r  t h e  f u n c t i o n  y ( t ) ,  i t s  d e r i v a t i v e  ? ( t )  , and 
a f i x e d  level y . I f  y ( t )  is s u f f i c i e n t l y  smooth,  then i t  can  cross  y 
wi th  pos i t i ve  s lope  du r ing  the  t i m e  between t and t + A t  o n l y  i f  
0 0 
and 
Upon making A t  small enough, w e  may use a Tay lo r ' s  series t o  rewrite t h e  
las t  condi t ion  as 
where 9 mus t  be  pos i t i ve  fo r  a c ross ing  wi th  pos i t i ve  s lope  to  occur  
be fo re  t + A t .  
Thus i f  p ( y , i )  is  t h e  t e m p o r a l l y  i n v a r i a n t  j o i n t  p r o b a b i l i t y  
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dens i ty  func t ion ,  t hen  we may combine (1.13) and (1.15) t o  f i n d  t h a t  
(1.16) 
N(yo)At = Pr   {cross ing  of y)  
= 1 p(yy?)dy1djl 
O0 yo 
0 y0-?At 
To eliminate the dependence on A t  w e  may d i f f e r e n t i a t e  by i t  t,o 
ob t ain 
and then, so t h a t  t h e  r e s u l t s  a p p l y  t o  c o n t i n u o u s  t i m e ,  w e  l e t  A t  van i sh ,  
and  fo r  s impl i c i ty  d rop  the  subsc r ip t  on y . Fina l ly ,  t hen ,  w e  have  the 
r e s u l t  t h a t  
0 
Exceedance statist ics are genera l ly  presented  in  normal ized  form 
03 03 
(1.19)  N(y)/N(O) = I ?p(yy9)d9/ /   9p(0,9)d9 
0 0 
and i t  i s  o b v i o u s  t h a t  i f  t h e  v a r i a b l e  y and i t s  d e r i v a t i v e  are 
s t a t i s t i c a l l y  i n d e p e n d e n t  s o  t h a t  
then w e  have 
Thus f o r  a s t a t i o n a r y  G a u s s i a n  p r o c e s s ,  i n  p a r t i c u l a r ,  w e  may employ 
s p e c t r a l  t h e o r y  t o  o b t a i n  t h e  c o r r e l a t i o n  
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which  vanishes  because  the  spectrum is  an  even  function. Thus (1.20) is 
va l id   and  we have 
i n  which , from (1.18) w e  know t h a t  
When the  fo rc ing  is Gaussian and s ta t ionary,  then (1 .23)  w i l l  
h o l d  f o r  any l i nea r  r e sponse  to  tha t  fo rc ing  and  the  va r i ances  CJ and 
O may be   ca l cu la t ed  from r e l a t i o n s  of   the form (1.6).  For more gene ra l  
cases and  launch  vehic les  in  par t icu lar ,  the  bas ic  concern  centers  aga in  
on the  ques t ion  of  how t h e  p r o b a b i l i s t i c  s t r u c t u r e  of the response i s  
de te rmined  f rom the  cha rac t e r i s t i c s  o f  t he  s tochas t i c  fo rc ing  func t ions  
and  the  t empora l  evo lu t ion  o f  t ha t  p robab i l i s t i c  s t ruc tu re  must be taken 
i n t o  a c c o u n t  i n  t h e  t h e o r y  of exceedance statistics. 
Y 
f 
1.8 P re l imina ry   r e su l t s  on s t a t i s t i c  
s t a t i s t i c s  of   turbulence a t  Cape Kenne3- -
Four sets of data measured a t  s i x  l e v e l s  a t  Cape Kennedy were 
a n a l y z e d  i n  d e t a i l  t o  o b t a i n  i n f o r m a t i o n  on t h e  p r o b a b i l i s t i c  s t r u c t u r e  
- and exceedance statistics o f  t he  tu rbu lence  f i e lds  wh ich  a f f ec t  l aunch  
vehic les  whi le  they  are on the launch pad and i n  t h e  i n i t i a l  p h a s e  of 
f l i g h t .  
The o r i g i n a l  r e c o r d s  were wind d i r e c t i o n  and speed and thus permit 
r 
d e f i n i t i o n  of a vec to r  wind v e l o c i t y ,  V ( t ) .  L e t  i be a u n i t  v e c t o r  i n  
t h e  d i r e c t i o n  of t h e  wind speed, V, over the measurement period, and l e t  





Longitudinal (u) and la te ra l  (v)  components  of t h e  t u r b u l e n t  f i e l d  are 
thus def ined as 
(1.25) u = (V(t)-V) s i  
-" "
v = V ( t 1 - j  - - 
The d a t a  u s e d  i n  t h i s  s e c t i o n  were the or iginal  measurements  of 
t h e  component speeds sampled a t  10 times per  second wi th  l inear  t rends  
removed. The fo l lowing  quan t i t i e s  were computed  from t h e  f o u r  s e q u e n t i a l  
records  made a v a i l a b l e :  
1. Probab i l i t y  dens i ty  func t ions ,  p (u )  and  p (v ) ,  fo r  t he  gus t  
v e l o c i t i e s  as a func t ion  of the  normal ized  var ia tes  u/U and v/av; 
U 
2 .  P r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  P ( u )  and  P(v) as a func t ion  
of  the normalized var ia tes ,  where 
3 .  The frequency  N(y)  of  the number of times t h a t  levels y were 
c rossed  wi th  pos i t i ve  s lope  pe r  un i t  t i m e  as a function of normalized 
var ia tes   y /o   where   y /o  is e i t h e r  u / U  o r  v / G  
Y Y U V' 
4 .  The exceedance  probability,  N(y)/N(O),  where y > 0 ;  
5. The frequency  funct ion  for   the  occurrence  of  a l o c a l  maximum 
o r  minimum of y ( t )  i n  t h e  i n t e r v a l  ( y ,  y + Ay) ; 
6 .  The r a t i o  
which i s  a test of the independence of y and 9 .  
These  quant i t ies ,  then ,  revea l  whether  the  ve loc i t ies  have  a 
Gaussian frequency function, what form  any depar tures  from a Gaussian 
l a w  take ,  and  the  re levant  fac ts  about  the  exceedance  statistics. 
~-----" 
The bas ic  da ta  about  the  four  da ta  runs  ana lyzed  are g i v e n  i n  
Table 1.1 and graphs of t h e  l i s t e d  q u a n t i t i e s  are d i s p l a y e d  i n  
Figs .  1.1 - 1.10. The f i r s t  two f i g u r e s ,  1.1 and  1.2, are averages. 
Figure 1.1 Sta t i s t ica l  cha rac t e r i za t ion  of t he  u-conponent of turbulence a t  Cape Kennedy 
as revealed by the averages of four runs. The p l o t t e d  numbers represent  the  
s i x  levels on the tower a t  which the  sensors  are mounted, t he  numbers 
inc reas ing  wi th  inc reas ing  a l t i t ude .  The absc issas  are s tandard ized  var iab les  
u/uu. The so l id   l i ne   r ep resen t s   t he   Gauss i an  case. In   the   upper   r igh t ,   the  
dashed l i n e  r e p r e s e n t s  t h e  case of independence between the variable and i t s  
der iva t ive .  oil the  lower  r igh t ,  the  ord ina te  i s  h[N(y)/N(O)]  and the  absc issa  
is  ( u/uu) 2 .  
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Figure 1 . 2  S t a t i s t i c a l  c h a r a c t e r i z a t i o n  of t h e  v-component of turbulence a t  Cape Kennedy 
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Figure 1 . 3  S t a t i s t i c s  for the u-component of run 029. 
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Figure 1.4  Stat i s t i c s  for the v-component of run 0 2 9 .  
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Figure 1.5 Sta t i s t ics  f o r  t h e  u-component of run 067. 
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Figure 1.6 S t a t i s t i c s  f o r  t h e  v-component of run 067. 
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Figure 1 . 7  Stat is t ics  f o r  t h e  u-component of run 070. 
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Figure 1.8 S t a t i s t i c s  for the v-component of run 070. 
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Figure 1.9 S ta t i s t ics  f o r  the u-component of run 075. 
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Figure 1.10 S t a t i s t i c s  f o r  the v-component of run 075. 
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Table 1.1 Basic da ta  fo r  t he  fou r  runs  ana lyzed .  
Level (m) 
Richardson Number 18 30  60  90 120 15 0 
Run NASA PSU Wind Veloc i ty  (m sec-1) 
29 -0.19 0.14 3.6 4.2 5.5 6.6 7.2 7.9 
67  -0.52 -0.32 7.3 7.7 8.1 8.2 8.3 8.4 
70  -0.58 -0.39 6.5 6.9 7.5 7.9 8.0 8.3 
75 -0.32 -0.20 5.5 6.1 6.8  7.0 7.2 7 .4  
.~ ~~ . " ~~~ _ _  
computed us ing  the  da t a  from the four  runs s imultaneously.  The fol lowing 
conclusions are suggested by th i s  ave rage  da ta :  
1. The p robab i l i t y  dens i ty  func t ions  are l a r g e r  a t  t h e  o r i g i n  
than a Gaussian function and less than  the  Gauss i an  func t ion  fo r  y/O i n  
the  ranges  beLween 1 t o  3 and -1 t o  -3.  
Y 
2 .  The d i s t r i b u t i o n  f u n c t i o n s  show t h a t  t h e r e  is a tendency  for  
a h ighe r  p robab i l i t y  o f  l a rge  gus t s  of e i t h e r  s i g n  t h a n  i n  t h e  G a u s s i a n  
case.  The l a rges t  depa r tu re s  t end  t o  be at the  upper  levels. 
3.  The curve  N(y)  does  not  obey  the  Gaussian l a w ,  and  N(y)/N(O) 
t e n d s  t o  f a l l  below the Gaussian curve a t  f i r s t ,  and  then  decrease  in  
s lope  g iv ing  a g rea t e r  p robab i l i t y  than  fo r  Gauss i an  cases of c ross ings  
of  la rge  va lues .  
4.  Although strict independence of y and 9 is  n o t  v e r i f i e d  by 
t h e  d a t a ,  it appea r s  t ha t  t he  add i t ion  o f  a f u n c t i o n ,  C ( y ) ,  t o  t h e  
r e l a t i o n  i n  t h e  form 
could  be  used  to  make i t  more accura te  than  the  Gauss ian  assumpt ion  for  
N(y) .  This  correct ion would be zero a t  y e q u a l  t o  z e r o ,  and  about 2 a t  
24 
Y/G e q u a l  t o  t h r e e ,  a n d  would thus  t ake  accoun t  o f  t he  co r re l a t ion  
between y and f .  
Y 
The i m p l i c a t i o n s  o f  t h e  f i r s t  t h r e e  c o n c l u s i o n s  were d iscussed  
i n  d e t a i l  by Dutton (1968) where i t  is shown a n a l y t i c a l l y  t h a t  a model 
of  turbulence which takes account of i t s  p a t c h y  s t r u c t u r e  a p p e a r s  t o  b e  
i n  agreement  wi th  the  observa t ions .  Spec i f ica l ly ,  i t  w a s  shown t h a t  i f  
t h e  m o t i o n  f i e l d s  were composed o f  pa t ches  o f  f a i r ly  in t ense  tu rbu lence  
wi th  a Gaussian probabi l i ty  densi ty  funct ion which were surrounded by 
r e g i o n s  i n  which the motions were a lso  Gauss ian  but  wi th  less energy, 
t h e n  t h e  d i s t r i b u t i o n s  o b t a i n e d  f r o m  t h e  e n t i r e  f i e l d  would behave 
q u a l i t a t i v e l y  as enumerated i n  t h e  f i r s t  t h r e e  c o n c l u s i o n s .  
The wide  range  of  var ia t ion  poss ib le  be tween indiv idua l  sets of 
d a t a  is shown i n  F i g s .  1.3 - 1.10. It was perhaps  unfor tuna te  tha t  the  
four  samples  avai lable  had similar mean wind p r o f i l e s  and t h a t  t h r e e  were 
f r a  d e f i n i t e l y  u n s t a b l e  c o n d i t i o n s .  It w i l l  be  r evea l ing  to  d i scove r  
i n  f u t u r e  a n a l y s i s  w h e t h e r  t h e s e  s ta t i s t ica l  c h a r a c t e r i s t i c s  of t h e  
turbulence  change  under  neut ra l  and  s t rongly  s tab le  condi t ions ,  and  
whe the r  t he  r e l a t ionsh ips  will change with l ight  and s t rong mean winds. 
1 .9  Spec t ra l  theory  on f i n i t e  domains  and t h e  s t r u c t u r e  o f  t h e  l a r g e s t  
g u s t s  
The c h a r a c t e r i s t i c s  of t h e  l a r g e - s c a l e  f e a t u r e s  of f i e l d s  of 
turbulent  motion are of cons ide rab le  in t e re s t  t o  bo th  theo re t i c i ans  and  
engineers .  The a n a l y s i s  of t h e  l a r g e s t  e d d i e s  is d i f f i c u l t  from a 
theo re t i ca l  s t andpo in t  because  it is un l ike ly  tha t  e i the r  homogene i ty  o r  
i so t ropy  are va l id  assumpt ions  and  no  s impl i fy ing  concepts  l ike  tha t  o f  
the  universa l  equi l ibr ium range  are ava i lab le .  For  the  engineer  or  
v e h i c l e  d e s i g n e r ,  t h e  l a r g e s t  g u s t s  are clear ly  of  conern because they 
contain the majori ty  of  the energy and thus have the most  pronounced 
e f f e c t  on the system. 
The mathematical problem t o  b e  s o l v e d  is t o  f ind an economical  
method of  represent ing these 1-argest  gusts .  There is no a pr ior i  reason 
t o  s u p p o s e  t h a t  any of t h e  classical or thonormal  ser ie-s  w i l l  be  
" ." 
25 
s t r i k i n g l y  e f f i c i e n t  i n  t h i s  task, and a tempt ing  objec t ive  is t o  f i n d  a 
set  of  or thonormal  funct ions which,  in  some sense,  is  t h e  m o s t  l i k e  t h e  
func t ions  we.are t r y i n g  t o  r e p r e s e n t .  Toward t h i s  e n d ,  t h e  a p p l i c a t i o n  
of the proper orthogonal decomposition theorem (Loeve, 1963) has proven 
u s e f u l  i n  b o t h  t h e  s t u d y  of la rge-sca le  meteoro logica l  fea tures  ( for  
example,  Lorenz,  1956;  Kutzbach,  1967)  and i n  the  s tudy  o f  t u rbu lence  
(Lumley,  1965). We s h a l l  see t h a t  i t  permits  a g e n e r a l i z a t i o n  of t h e  
no t ion  of spec t ra l  decomposi t ion  of t he  va r i ance  fo r  func t ions  de f ined  
on f i n i t e  domains, and thus  provides  a u s e f u l  method f o r  a n a l y s i s  of 
launch vehicle  response.  
1.10 The ""orthogonal  decomposition ~ theorem 
To fac i l i t a te  understanding of t h e  e m p i r i c a l  r e s u l t s ,  w e  s h a l l  
deve lop  the  re levant  theory  a t  some l eng th  bu t  make no attempt a t  
bibliographic  completeness.   Suppose we  have an ensemble  of  functions  {f)  
def ined  on a f i n i t e  domain (A - < x 5 B )  and would l i k e  t o  f i n d  one func t ion ,  
4, which is s imul taneous ly  the  most  l ike  a l l  of t h e  f u n c t i o n s  ( f ]  i n  some 
sense .  The p r e c i s e  n a t u r e  of 4 w i l l  depend  on how w e  measure resemblance, 
b u t  i f  {f] were a series of t i m e  h i s t o r i e s  o f  l a r g e  g u s t s  w i t h  t h e  p e a k  
value occurr ing a t  t h e  same relative t i m e  i n  t h e  domain of each function 
f, w e  could expect  4 t o  b e  a composite ' ' large gust. ' '  
A f i r s t  choice  might  be  to  have  the  cor re la t ion  be tween 4 and 
f as l a r g e  as p o s s i b l e  upon averaging  across  the  ensemble.  This  would 
l e a d  t o  a n  a t t e m p t  t o  maximize 
(1.29) r = I f   (x )$ (x )dx  
i n  which t h e  d e f i n i t e  i n t e g r a l  is ove r  the  domain  of f .  However, w e  are 
not  concerned 
t h e  p o s i t i v e ,  
(1.30) p2 = 
about  s igns or  magni tudes so  t h a t  a b e t t e r  c h o i c e  would be  
normalized quant i ty  
26 
f o r  which the  Schwarz i n e q u a l i t y  shows t h a t   p 2  - < 1. 
F i n a l l y ,  t o  f i n d  t h e  b e s t  r e p r e s e n t a t i o n  o f  a l l  t h e  f u n c t i o n s  i n  
cf) simultaneously,  w e  average across  the ensemble with the expectat ion 
ope ra to r  t o  o b t a i n  
Befo re  p roceed ing  to  ca l cu la t e  t he  $ which gives a m a x t m u m ,  le t  
us  consider  another  possible  measure of  resemblance.  We might  choose 
b u t  t h i s  c h o i c e  leaves open t h e  p o s s i b i l i t y  t h a t ,  upon averaging over  the 
ensemble, a func t ion  $ which w a s  l ike  some f a n d  l i k e  -f f o r  o t h e r  
func t ions  would  be  re jec ted  because  resemblance  to  -f would g ive  a l a r g e  
increment  to  D. Such a func t ion  would be useful ,  however ,  because i t s  
s ign  could  a lways  be  changed  for  any  ind iv idua l  f ;  therefore  w e  want t o  
r e t a i n  t h i s  p o s s i b i l i t y .  A n o t h e r  d i f f i c u l t y  w i t h  ( 1 . 3 2 )  i s  t h a t  upon 
f ind ing  a $I which extremizes E(D) w e  would n o t  know whether  the extremeum 
is a maximum o r  a minimum. This problem has been avoided i n  (1.31) 
because the minimum is obviously zero.  
To solve  the  problem, l e t  us obse rve  tha t  ( a  - b)   vanishes  if 2 
a = b and  tha t  ( a  + b ) 2  d o e s  i f  a = -b so  t h a t  ( a  - b)  ( a  + b)  vanishes  2 2 
i n  e i t h e r  case. Fur thermore   th i s   quant i ty   mus t   be   pos i t ive .  Upon 
p u t t i n g  a = Ab, w e  f i n d  
(1.33)  (a - b) ( a  + b ) 2  = 4b [ ( X  -t 1) - 4A2]  2 4 2  2 
s o  that ,  ignoring the magnitude of  b ,  the quant i ty  has  extreme values  
i f  
(1.34) X ( X 2  - 1) = 0 
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Thus it is a maximum f o r  h = 0 and a minimum f o r  h = + 1. - 
It is convenient  to  normal ize  our  func t ions  wi th  
and on the basis of t h e  above r e s u l t s  w e  choose 
as our  measure of  s imilar i ty .  Now it is obv ious  tha t  w i th  the  de f in i t i on  
of (1.30) 
(1.37) DN = 4(1 - p )   ( 1  + p) = 4 ( 1  - p ) 2 
s o  t h a t  a maximum of E(p ) w i l l  g ive  a minimum of E(D ). This makes i t  
clear t h a t  t h e  $ w e  hope t o  f i n d  will be more similar thafi any other 
func t ion  to  each  f i n  t h e  ensemble simultaneously -- w i t h  s i m i l a r i t y  t o  
-f considered as b e n e f i c i a l  as s i m i l a r i t y  t o  f .  S i m i l a r i t y ,  of course ,  
is measured  by  (1.31) or  (1 .36) .  
2 
N 
Therefore ,  w e  suppose that  a maximizing function exists and we 
choose some a r b i t r a r y  f u n c t i o n  6$ and put 
(1.38) E(p (E) 1 = p (E) 2 -2 
-2 Because  p is a maximum by 
(1.39) dF2(E) dE = o  
d e f i n i t i o n  when E = 0 ,  w e  expec t  t ha t  
and so t h i s  ope ra t ion  shou ld  reveal t h e  n a t u r e  of t h e  f u n c t i o n  9. 
Performing  the  d i f fe ren t ia t ion  and t h e  e v a l u a t i o n  a t  E = 0 ,  w e  f i n d  t h a t  
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and because w e  want $ t o  b e  t h e  f u n c t i o n  which g ives  a maxTmum, i t  must 
b e  t r u e  that (1.40) vanishes for any 6+ whatever. Tliis w i l l  b e  t r u e  i f  
T h i s  i n t e g r a l  e q u a t i o n ,  however, rather than  spec i fy ing  one function 4 
genera l ly  has  a v a r i e t y  of so lu t ions ,  each  assoc ia ted  wi th  a d i f f e r e n t  
va lue  of  the  e igenvalue  p . To d i scove r  the  s ign i f i cance  of t hese  
s o l u t i o n s ,  l e t  us name the  var ious  va lues  of  p wh ich  l ead  to  so lu t ions  
with x and  order  them by magnitude  with x be ing   t he   l a rges t .  The 
so lu t ion  obta ined  wi th  each  An w i l l  be denoted by $n and w e  w i l l  d e f i n e  




Thus the  equa t ion  becomes 
and  upon applying (1.43) on t h e  l e f t  w e  ob ta in  
Thus i f  X and Am are d i s t i n c t  e i g e n v a l u e s ,  t h e  i n t e g r a l  m u s t  v a n i s h  -- 





For R(x,y) def ined  on a f i n i t e  domain there w i l l  be  a t  most a 
countable  number of  e igenvalues ,  and  i f  it shou ld  tu rn  ou t  t ha t  fo r  some 
e igenvalue  there  is more than one associated eigenfunct ion,  the set can 
always  be  orthogonalized by t h e  Gram-Schmidt method.  Furthemore, a l l  
o f  themmay be normalized as i n  (1.35), so that hencefor th  we assume t h a t  
t h e  set of  func t ions  $n is orthonormal. 
1.11 P r o p e r f i e s ' o f ' t h e   r e p r e s e n t a t i o n  
Now l e t  us  use the set  of orthonormal eigenfunctions to suppose 
t h a t  any func t ion  f i n   t h e  ensemble can be represented by 
W 
(1.46) 
Upon m u l t i p l i c a t i o n  by @ and i n t e g r a t i o n  w e  f i n d  t h a t  n 
(1.47) a = J f   ( ~ ) @ ~ ( x ) d x  n 
Use of t h i s  d e f i n i t i o n  o f  t h e  c o e f f i c i e n t  a a l lows  us  to  ca l cu la t e  t ha t  n 
Thus t h e  c o e f f i c i e n t s  are uncorrelated across  the ensemble,  and of equal 




Upon t ak ing  the  expec ta t ion  we f i n d  t h a t  
(1.50) 
m 05 
E { J f 2 d d  = c a 2 =  c x  
n = l  n n = l  n 
i n  which t h e  last  e q u a l i t y  is v e r i f i e d  by re ference  to  (1 .48) .  
Hence we may conclude  tha t  the  e igenvalues  reveal the f r a c t i o n  
o f  t h e  t o t a l  v a r i a n c e  ( o r  mean squa re ) ,  E{Jf dx), which is explained by 
the  assoc ia ted  e igenfunct ion .  This  permi ts  a more r evea l ing  
i n t e r p r e t a t i o n  o f  t h e  r e s u l t s .  We may choose $1 as the one function most 
l ike  each  of  the  func t ions  in  the  ensemble  {f  1.  But 4 does not  explain 
a l l  of  the  var iance ,  s o  w e  form a new ensemble of functions {f - a 4 1 
and f ind  the  one func t ion  most  l ike  these  res idua l  func t ions ;  the  answer  
w i l l  be $I and s o  we cons ider  a new ensemble {f - al+l - a2G2); by 
induc t ion  we thus arrive a t  ou r  p rev ious  r e su l t s .  
2 
1 
1 1  
2 
To see how w e l l  w e  h a v e  r e p r e s e n t e d  t h e  t o t a l i t y  of func t ions  
l e t  us  ca l cu la t e  an  e r ro r ,  e f (N) ,  
N 
n= 1 
ef (N) = Jl f - C dx 2 
n N N N  
= J I f I Ldx - 2 C an/f$ndx + C C anamJ$n@mdx 





= / I f  I dx - 2 C an/fGndx + C an 2 
n= 1 n = l  
A t  t h i s  p o i n t  w e  have shown tha t ,  whatever  the  na ture  of  the  or thonormal  
series, the choice (1.47)  for  an w i l l  make t h e  e r r o r  as small as 
poss ib l e .  Use o f   t h i s   d e f i n i t i o n   o f  a in   t he   s econd  term of  (1.51)  then 




But now the  expec ta t ion  ope ra to r  g ives  as a p a r t i c u l a r  case f o r  t h e  
or thonormal  e igenfunct ions 
(1.53) 
(1.54) lim ECef(N)} = 0 
N- 
s o  t h a t  i n  t h i s  mean square sense across  the ensemble,  the series (1.46) 
g ives  us  a convergent  representat ion of  the funct ions '  {f) .  
The p o i n t  i s  that  because the eigenvalues  and thus the eigen-  
func t ions  can  be  a r r anged  in  o rde r  of t h e  f r a c t i o n  of the  var iance  they  
e x p l a i n ,  i f  t h e  f u n c t i o n s  i n  t h e  ensemble {f} do have a c h a r a c t e r i s t i c  
s t r u c t u r e ,  t h e  first few eigenfunct ions should reveal t h a t  s t r u c t u r e .  
1.12  Optimal  character of ekgenfunct ion   representa t ions  
Befo re  p roceed ing  to  the  obse rva t iona l  r e su l t s ,  i t  w i l l  be  
r evea l ing  to  look  a t  the  ques t ion  of op t ima l i ty  of the  e igenfunct ion  
expansion in reverse order.   (For a d i f f e r e n t  a p p r o a c h  t o  t h e  f i n a l  
r e s u l t ,  see Lorenz,  1956.) 
L e t  us  consider  an ensemble If)  of  funct ions def ined on a f i n i t e  
domain and  an  arbi t rary  or thonormal   sequence of func t ions ,  . A measure 
o f  e r r o r  i n  r e p r e s e n t a t i o n  w i t h  a f i n i t e  series of the form (1.46) is 
'n 
(1.55) 
It is  clear from t h e  1as.t equation of (1.51) that  whatever  the sequence 
qn, t h e  e r r o r  will be  a minimum i f  
32 
(1.56) a = If$ dx n n 
Therefore,  w e  Can cons ider  what happens t o  the e r r o r  when we change to 
funct ions  $ + E6$ and t o  c o e f f i c i e n t s  n n 
(1.57) a + Eda = Jf($ + E6Jl )dx n n n n 
For  the new e r r o r ,  we write 
N 
(1.58)  ef(N,E) = / l f ( x )  - C ( a  + &an) ($n + n n = l  E W n >  I 
2 dx 
and to  de t e rmine  the  p rope r t i e s  of t h e  set of func t ions  $ which 
minimizes  the  e r ror  w e  proceed as be fo re  wi th  
n 
N N N  
(1.59) = 2[ c an6an - C C a a JJlm(x)6Jln(x)dxl n = l  m = l  n = l  m n  
N N 
By d e f i n i t i o n  w e  have 
s o  t h a t  
r -  
33 
Thus  upon averaging across  the ensemble,  (1.59)  becomes 
(1.62) 
But the  expec t  a t t o n  i s  over Cf) s o  that we  in te rchange  the  opera t ion  
f i n d  t h a t  i t  w i l l  b e  t r u e  t h a t  
f o r  any 6 q n  whatever  provided that  for  each n w e  have 
A p a r t i c u l a r  s o l u t i o n  t o  t h i s  set of equat ions  is  
because upon us ing  th i s  r e l a t ion ,  (1 .64 )  may b e  w r i t t e n  as 
and upon mult ipl icat ion by $ and i n t e g r a t i o n  w e  f i n d  t h a t  k 
2 N (1.67) E(an = c E { 0 " , a ~ } 6 ~ ~  = E{%an} 
m= 1 
!s and 
Thus, i f  t h e  f u n c t i o n s  $ are the   e igenvec tors  of (1.65)  then  (1.67) is  
t rue ,  and  upon use of t h i s  r e l a t i o n ,  (1.64)  becomes p r e c i s e l y  t h e  




The i n t e r p r e t a t i o n  o f  t h i s  r e s u l t  is t h a t  t h e  m e a n  s q u a r e  e r r o r ,  
(1.55), averaged across the ensemble w i l l  be  a minimum f o r  a n y  f i x e d  
number of terms, N ,  provided w e  use the  e igen func t ions  o f  (1.65) as t h e  
orthonormal set .  The Eq.  (1.65) is, o b v i o u s l y ,  i d e n t i c a l  t o  t h e  e i g e n -  
value problem, (1.41), and s o  the func t ions  $ which  g ive  the  bes t  
r e p r e s e n t a t i o n  i n  t h i s  s e n s e  are i d e n t i c a l  t o  the func t ions  @ . n n 
1.13 Variance  spectra  
It is  of   cons iderable   impor tance   to   no te   tha t   va lues   o f  a o r  
2 
2 n E ( a  ) g ive  a spec t ra l  representa t ion  which  shows how the var iance of  an 
ind iv idua l  func t ion  o r  of the ensemble is  d i s t r i b u t e d  o v e r  t h e  set of 
e igenfunct ions .  To p u r s u e   t h i s   f u r t h e r ,  let  us   re turn   to   (1 .43)   and  
expand the domain o f  d e f i n i t i o n  t o  (- Q), 03). Now it  is p o s s i b l e  t o  a d d  
a fur ther  condi t ion  tha t  the  ensemble  be  second order  s ta t ionary  s o  t h a t  
n 
and  thus  (1.43) becomes (p rov i s iona l ly )  
But t h i s  i n t e g r a l  e q u a t i o n  on an i n f i n i t e  domain need not have a countable  
number of  d i scre te  e igenvalues ;  they  may i n  f a c t  become continuous.  L e t  
u s  t he re fo re  r ep lace  n wi th  a cont inuous  var iab le ,  W, and rewrite t h e  
e q u a t i o n  i n  t h e  form 
We see now t h a t  t h e  c h o i c e  
(1.71) 
35 
l e a d s  t o  
W CD 
(1.72) I R(x-y)e dx = R(-r)e d-r = X(w) -iw(x-y) -im 
Thus X(w) is the Four ie r  t ransform of  the  cor re la t ion  func t ion ,  and  
e x c e p t  f o r  a cons t an t  f ac to r ,  t he  func t ion  h ( w )  is the  usua l  power 
spec t rum for  a s t a t iona ry  p rocess .  
The proper orthogonal decomposition theorem, then, gives us a 
means of defining a spectrum which is  appropr ia te  to  an  ensemble  of 
func t ions   def ined .on  a f i n i t e  domain. The spectrum  thus  obtained 
becomes the  c l a s s i ca l  one  when the  theory  is expanded t o  s t a t i o n a r y  
func t ions  on an i n f i n i t e  domain. We s h a l l  show p r e s e n t l y  t h a t  t h i s  
spectrum for ensembles defined on f i n i t e  domains can be of considerable  
importance in  the  s tudy  of  launch  vehic le  response .  
1 .14  Representat ion  of   the  largest   gusts  
The methods developed i n  t h i s  s e c t i o n  were appl ied  to  one  of 
the  four  runs  ana lyzed  in  Sec t ion  1.8 to  determine if t h e  l a r g e s t  g u s t s  
a t  Cape Kennedy had a c h a r a c t e r i s t i c  s t r u c t u r e .  
The da.ta a t  each  l eve l  fo r  Run 067 were examined by computer t o  
f i n d  t h e  10 largest g u s t s  f o r  e a c h  component a t  each level .  This  
opera t ion  y ie lded  60 l a r g e  g u s t s  f o r  e a c h  component, and d a t a  f o r  a 
3,000-ft sample were extracted from the en t i r e  r eco rd  wi th  the peak value 
a t  the  cen te r .  Le t t i ng  n represent   the  nth  such sample, t h e  c o r r e l a t i o n  
mat r ix  
. N  
was then computed. This. correlation matrix w a s  u s e d  i n  a summation  form 
of (1.4s) along with a s tandard matr ix  e igenvalue rout ine to  determine 
the  e igenvalues ,  An, and the eigenvector ,  {Gn}. 
The f i r s t  e i g e n f u n c t i o n s  f o r  b o t h  t h e  u and v components are 
shown in. Fig. 1.11. These e ight  e igenfunct ions  expla in  a t  least 97  percent 
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Figure 1.11 Empirical  orthogonal functions representing the 10 l a r g e s t  g u s t s  a t  each of s i x  
levels fo r  run  067. The funct ions  are arranged with the amount o f  var iance  
explained decreasing from top to bottom. 
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o f  t h e  variance i n  each  component. The s p e c t r a l  estimates, o r  e igen -  
va lues  , are shown i n  T a b l e  1.2. 
A comparison of  the largest  gusts  themselves  and the representa-  
t i ons  ob ta ined  w i t h  t h e s e  f i r s t  e i g h t  e i g e n f u n c t i o n s  is  shown i n  Fig. 1.12. 
It is  o f  c o n s i d e r a b l e  i n t e r e s t  t o  compare both  these  e igenfunct ions  
and the  l a rge  gus t s  t hemse lves  to  those  found  in  da t a  measu red  wi th  
aircraft a t  higher  a l t i tude and discussed by Dutton,  Deaven and 
Thompson (1969),  and  Dutton  (1968). The f i r s t  few longi tudina l   e igen-  
f u n c t i o n s  a n d  t h e  f i r s t  e i g e n f u n c t i o n  f o r  t h e  lateral component f o r  t h e s e  
d a t a  are similar t o  t h o s e  found i n  clear-air turbulence ,  bu t  the  second 
e i g e n f u n c t i o n  f o r  t h e  lateral  components o f  t he  Cape Kennedy turbulence  
d a t a  is  a depar ture  from both  the  Cape Kennedy l o n g i t u d i n a l  case and t h e  
a i r c r a f t  c a s e .  The most l o g i c a l  p l a c e  t o  s e a c h  f o r  a n  e x p l a n a t i o n  of 
t h e  v a r i a t i o n  is i n  t h e  d i f f e r i n g  e f f e c t s  of buoyancy on the  clear-air 
turbulence and the Cape Kennedy wind f i e l d .  
The l a r g e  g u s t s  from t h e  a i r c r a f t  d a t a  a p p e a r e d  t o  f a l l  i n t o  two 
classes. I n  t h e  f i r s t ,  t h e  peak w a s  r e l a t i v e l y  i s o l a t e d  and t o  some 
degree  one  of several l a rge  peaks  in  a q u i t e  i r r e g u l a r  r e c o r d .  I n  t h e  
second class, t h e  l a r g e s t  p e a k  w a s  the culminat ion of a f a i r ly  s low and  
r egu la r  rise t o  a maximum which w a s  not markedly above the surrounding 
va lues .  The l a r g e   g u s t s   i s o l a t e d   h e r e  are in   t he   s econd  class. This 
may be  due t o  t h e  p o s s i b i l i t y  t h a t  t h e  f i r s t  class arises i n  a i r c r a f t  
d a t a  by records being obtained on runs which pass through the boundaries 
of a turbulent  zone,  thus giving rise t o  a l t e r n a t i n g  s a m p l e s  of 
t u rbu len t  and non-turbulent motion. 
It is poin ted  out  by Dutton (1968) t h a t  t h e  u s e  of these  e igen-  
funct ions should provide an economical  means o f  r ep resen t ing  the  
c r i t i c a l  c h a r a c t e r i s t i c s  of  turbulence for  use an inputs  t o  s imula t ion  
s tudies .  Fu.r ther  work on t h i s  p o s s i b i l i t y  is now being planned. 
1.15 Spec t ra   o f   l aunch   vehic le   response  
The classical theo ry  o f  va r i ance  spec t r a  does  no t  app ly  to  l aunch  
v e h i c l e  r e s p o n s e s  i n  f l i g h t  b e c a u s e  i t  cannot be assumed, and generally 
is n o t  t r u e ,  t h a t  t h e  c o v a r i a n c e  f u n c t i o n  
Table  1.2  Eigenvalues  for  large  gusts  (Run  067). w 03 
Order of Eigenvalue  (n) 
1 2 3 4 5 6 7 8 9 10 11 12 
u-component 
X = EIa, 1 2 n 
n 
k = l  'k 
N 




k = l  'k 
N 
k= 1 'k 
125 .O 6.7  4.8  2.041 15 0.6857 0. 33  0.29 
125.0  131.7  136.5  138.6  139.7  140.7 141.4 142.0  142.5  142.9  143.3  143.8 
146 
73.3  6.2  2.5 1.1 0.71  0.58  0.50  0.43 0.31 0.27 0.23 0.18 
73.3  9 682.1  3 28 .9  4 58 .9  58 .6 586.1 
87.8 
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Figure 1.12 Expansions of  the four  largest  gusts  in  the u- and v-components of run 067 with 
the empir ical  or thogonal  funct ions.  The heavy s o l i d  l i n e  is  t h e  o r i g i n a l  d a t a ,  

















(1.74) R (t,t ') = E{y( t )y ( t ' ) )  
Y 
is s t a t i o n a r y ,  as w a s  po in ted  out  fo l lowing  (1.10). The basic  problem, 
n a t u r a l l y ,  i s  tha t  t he  r e sponses  are def ined on a f i n i t e  domain, b u t  
because the proper  or thogonal  decomposi t ion theorem appl ies  to  such a 
s i t u a t i o n  i t  permi ts  us  to  deve lop  a s p e c t r a l  t h e o r y  f o r  v e h i c l e  
responses .  
According to  (1 .10)  w e  have 
t t '  
(1.75) R (t , t ' )  = 1 / W(t-T)W(t-T') RU(x(t),T;x(T'),T')dTdT' - - 
Y 
to to 
i n  which 
Thus,  the or thonormal  e igenfunct ion representat ion of  the class of 
responses  y( t )  can  be  de te rmined  over  the  domain (t ,T) from 
0 
and w e  s h a l l  h a v e ,  as befo re ,  
wi th  
Thus, (1.79) gives a spectrum for  the ensemble of  responses  
which,  according t o  (1.75)  depends  ultimately upon t h e  c h a r a c t e r i z a t i o n  
of the  response  by the weight ing funct ion,  W (T), and upon t h e  
41 
c h a r a c t e r i s t i c s  of  the  turbulen t  mot ion  as s p e c i f i e d  by the  covar iance  
ma t r ix  a long  the  t r a j ec to ry .  Hence t h e  problem is to  de te rmine  a 
cova r i ance  ma t r ix  fo r  t u rbu len t  mo t ion  such  tha t  t he  impor t an t  f ea tu re s  
of t h e  t u r b u l e n t  f i e l d s  are charac te r ized  adequate ly .  The theory  of 
proper  or thogonal  decomposi t ion  appl ies  in  any number of dimensions, so 
t h a t  i f  we could determine the space-time covariance function 
w e  would have the  gene ra l  e igenva lue  p rob lem o r  the  f in i t e  domain (X,T)  
-. 
T 
(1.81) /// / R (x,t ;x '  , t ' )Cpn(x'  , t ' )dx'dy'dz'dt '  = Xnon(:,t) 
x to 
u -  - - 
The s o l u t i o n s  t o  t h i s  e q u a t i o n  would give the expansion 
(1.82) u ( x , t )  = C a Cp ( x , t )  
n 
- n n -  
and  wi th  th i s  w e  would ob ta in  the  r ep resen ta t ion  o f  t he  cova r i ance  ma t r ix  
i n  t h e  form 
(1.83) R ( x , t ; x ' , t ' )  u -  - 
It may be  poin ted  
vehic le  response  w i l l  r equi re  s imul taneous  cons idera t ion  of t h e  e f f e c t s  
of   var ious components  of t h e  t u r b u l e n c e  f i e l d .  The above r ep resen ta t ion  
w i l l  then have to  be expanded to  include the covariance funct ion 
R. . ( x , t ; x '   , t ' )  = E ( u i ( x , t ) u j ( Z 1  , t ' ) }  f o r  t h e  ith and jth components. 
The results (1.81) through (1.83) will become v a l i d  f o r  t h i s  c a s e  i f  g i v e n  
an  appropr ia te  formula t ion  i n  t e n s o r  o r  m a t r i x  n o t a t i o n ;  f o r  d e t a i l s ,  
see Lumley (1965). 
1J - -. 
The r e l a t ion  equ iva len t  t o  (1 .83 )  fo r  t he  r e sponse  is c l e a r l y  
42 
a n d  t h e  s p e c t r a l  e s t i m a t e  Yn is obta ined  by i n t e g r a t i o n  
T T  
i n  acco rd  wi th  (1.77) .  
The e igen func t ions ,  $ (x , t ) ,  which r ep resen t  t h e  four-dimensional - 
t u r b u l e n t  f i e l d ,  a l s o  serve to  spec i fy  the  cova r i ance  ma t r ix  a long  the  
v e h i c l e  t r a j e c t o r y ,  x ( t ) ,  so  that  (1 .75)  may  now be  wr i t t en  wi th  the  a id  
of  (1.83) as 
- 
t t '  
There fo re ,  t he  spec t r a l  e s t ima te ,  yn ,  o f  t he  f r ac t ion  of va r i ance  
assoc ia ted  wi th  the  n th  e igenfunct ion  becomes 
T t 
Upon r eve r s ing  the  o rde r  o f  i n t eg ra t ion ,  we de f ine  
T T  
(1.88) 
and hence obtain from (1.87) the relation 
The va lues  of (I ) 2  show how the  energy  represented by X and i t s  
assoc ia ted  e igenfunct ion  are t r a n s f e r r e d  t o  y and i t s  e igenfunct ion .  
n ,k  k 
n 
.Pi 4 3  
Neglec t ing  ques t ions  of  computa t iona l  feas ib i l i ty ,  w e  have thus 
shown t h a t   i f  R (x,T; x' ,T') is known and summarizes the  covar iance  
c h a r a c t e r i s t i c s  o f  t u rbu len t  f i e lds  to  be  encoun te red  by launch  vehic les ,  
then  upon be ing  g iven  weight ing  func t ions  for  the  responses  of  in te res t ,  
it is p o s s i b l e  t o  o b t a i n  an estimate of t h e  d i s t r i b u t i o n  of va r i ance  
which s e r v e s  t o  r e p l a c e  t h e  c l a s s i c a l  power spectrum, which unfortunately,  
i s  n o t  a p p l i c a b l e  t o  t h i s  c a s e .  
u -  v 
I n  o r d e r  t o  o b t a i n  some s i m p l i f i c a t i o n  of the procedure,  l e t  us 
assume t h a t  t h e  f i r s t  N terms of the expansion (1.83) w i l l  s u f f i c e  and 
l e t  us put 
N 
(1 .91 )   R( t , t ' )  = C AkJk( t ) Jk ( t ' )  
k= 1 
Now o u r  i n t e g r a l  Eq. (1.77) has a k e r n e l  of f i n i t e  r a n k  and may be 
wr i t ten  as 
T N  
n=1,. . .N 
The eigenvalues  and eigenvectors  for  the responses  sre found 
from (1.92)  with the approximate kernel ,  R(t , t ' ) ,  g iven by (1.91). 
Thus  from  knowledge  of the eigenvalues  and eigenfunct ions for 
t he  tu rbu len t  f i e ld  and  the  we igh t ing  func t ion  w e  are a b l e  t o  o b t a i n  
I 
! 
e x p l i c i t  v a l u e s  f o r  y ,,and a l so  de te rmine  the  assoc ia ted  e igenfunct ions .  
This  gives  a spec t ra l  charac te r iza t ion  of  che  response  to  turbulence .  
f 
n 
Moreover,  once  the y and qn are determined  from  (1.92) w e  can use  (1.88) 




1.16 Toward development  of  adequate ~ ~ ~- r e s p o n s e . G t a t i s t i c s  
I n  t h e  i n t r o d u c t i o n  it was p o i n t e d  o u t  t h a t  two approaches  to  
t h e  deve lopmen t  o f  p red ic t ions  o f  t he  p robab i l i s t i c  s t ruc tu re  of launch 
vehic le  responses  are p o s s i b l e .  I n  t h e  f i r s t ,  t h e  e m p h a s i s  is  on t h e  
temporal sequencing of events; i n  t h e  s e c o n d ,  p r i m a r y  a t t e n t i o n  is 
devoted t o  s t u d y  o f  p r o b a b i l i s t i c  r e l a t i o n s  i n  a su i tab le  phase  space .  
The f a c t  i l l u s t r a t e d  i n  S e c t i o n  1.8 t h a t  t h e  t u r b u l e n t  
ve loc i t ies  cannot  be  cons idered  a r e a l i z a t i o n  o f  a Gaussian process 
would seem to  prec luds  the  second approach  a t  t h e  p r e s e n t  t i m e .  The 
development of a theory  of  in - f l igh t  launch  vehic le  response  spec t ra  
which makes a v a i l a b l e  a methodology fo r  a t t empt ing  the  f i r s t  app roach  
was g iven  in  Sec t ion  1 .9 .  
1.17 The covar iance   func t ion  
The b a s i c  problem is t ha t  t he  r equ i r ed  cova r i ance  func t ion  canno t  
be  de te rmined  d i rec t ly  from measurements on only one tower because 
co r re l a t ion  in fo rma t ion  in  the  c ros s -wind  d i r ec t ion  is obviously 
missing.  The multi-tower TOLCAT p r o j e c t  of t h e  U. S. A i r  Force is an 
impor t an t  s t ep  iu  ob ta in ing  the  necessa ry  empi r i ca l  da t a .  
It was  shown tha t  t he  r e sponse  spec t r a ,  as d e f i n e d  f o r  a 
d i s c r e t e  domain, could  be  obtained i f  t h e  c o v a r i a n c e  t e n s o r  R ( x , t ;  x ' , t ' )  
[ o r  f o r  s i m p l e  cases, R ( x , t ;  x ' , t ' ) ]  were known. This i s  t h e  same 
po in t  r eached  in  a thorough study of the dependence of the response of  
V/STOL a i r c r a f t  on atmospheric  forcing  by  Skelton  (1968).  The gene ra l  
l ack  of e i t h e r  t h e o r e t i c a l  o r  empi r i ca l  knowledge about t h i s  i m p o r t a n t  
f u n c t i o n  f o r  t h e  case of atmospheric turbulence w a s  discussed by 
Skelton. He  proposed a model. based on c o n s i d e r a t i o n s  r e l a t e d  t o  T a y l o r ' s  
hypo thes i s  wh ich  se rved  to  pe rmi t  exp l i c i t  r e sponse  ca l cu la t ions .  
i j  - ., 
u -  - 
1.18 Conclusion 
Development of methodology f o r  p r e d i c t i n g  t h e  i n - f l i g h t  r e s p o n s e  
statist ics of both launch vehicles and V/STOL a i r c r a f t  is a much more 
1 I 




d i f f i c u l t  t a s k  t h a n  t h e  e q u i v a l e n t  p r o b l e m  f o r  c o n v e n t i o n a l  a i r c r a f t  -- 
and even the s impler  a i rcraf t  problem has not  been completely resolved.  
A t  t h e  h e a r t  o f  t h e  d i f f i c u l t y  is t h e  f a c t  t h a t  many o f  t he  
powerfu l  s impl i fy ing  assumpt ions  used  in  theore t ica l  s tud ies  of bo th  
turbulent motion and response of randomly forced systems are not  
app l i cab le .  Thus , the mathematical methods are more  complex,  and t h e  
dependence of t h e  r e s u l t s  upon the  prec ise  na ture  of  the  a tmospher ic  
forc ing  appears  to  be  c r i t i ca l .  
However, t h e  main l i n e s  t h e  i n v e s t i g a t i o n  must t ake  seem clear, 
and success w i l l  b e  p o s s i b l e  i f  t h e  wells of perseverance do not run 
dry 
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11. ANALYSIS OF MEAN WIND PROFILES 
Alf red  K. Blackadar and Anton Chaplin 
2 .1  Aerodynamic  roughness  of  the si te 
The aerodynamic  roughness z of  the  sur face  is a bas ic  parameter  
0 
w i t h  r e s p e c t  t o  many a spec t s  o f  t he  f low in  the  su r f  ace  l aye r s .  Its 
de termina t ion  is most  readi ly  made by a c a r e f u l  s t u d y  of t h e  mean flow 
near the ground because the aerodynamic theory of th i s  f low ha5  rece ived  
t h e  g r e a t e s t  amount of s tudy  and has  been  tes ted  under  the  wides t  var ie ty  
of env i ronmen ta l  s i t ua t ions .  
The b e s t  i n d i c a t o r s  of surface roughness  are t h e  winds a t  t h e  
lowest l e v e l s  on the  tower. At t hese  levels the  compl i ca t ions  a r i s ing  
from buoyancy, change of stress wi th  he igh t ,  and possible changes of 
roughness  upstream have relat ively minor  effects .  
Even cursory  inspec t ion  of  the  si te,  or  photographs thereof ,  
sugges ts  tha t  the  roughness ,  as revea led  by wind p ro f i l e s ,  shou ld  va ry  
cons iderably  wi th  wind  d i rec t ion .  An analysis  of  the measured values  by 
wind d i r e c t i o n  is d e s c r i b e d  i n  t h i s  s e c t i o n .  I n  t h e  r e m a i a i n g  p o r t i o n s  
of t h i s  c h a p t e r  s t u d i e s  t o  assess t h e  e f f e c t s  of inhomogeneous t e r r a i n  
and height  decrease of  stress are b r i e f l y  d i s c u s s e d .  
The procedure by which roughness lengths were der ived  is t h e  
fol lowing . 
(1) The mean wind p r o f i l e s  i n  m s e c  were plot ted €or  each run -1 
on 5 cycle semi-logarithmic graph paper.  
(2) The mean tempera ture  prof i les  i n  OF were p l o t t e d  f o r  e a c h  
run on l inear  graph paper .  
(3) The temperature  a t  30 meters w a s  determined from (2) and 
r 
the  gradient  Richardson number a t  23 meters €or  each case 
w a s  ca l cu la t ed  us ing  Eq. (2.1) 
48 
where 8 and u r e f e r  t o  t h e  p o t e n t i a l  t e m p e r a t u r e  a n d  mean 
wind speed a t  the level indicated by subscr ipt ,  and r is  
t h e  mean absolute  temperature  between the two levels. 
( 4 )  Each non-stable wind p r o f i l e  w a s  c o r r e c t e d  f o r  s t a b i l i t y  
acco rd ing  to  the  equa t ion  
u = 2 b n  Z 0 - $ ( R i )  
where u is the  mean wind speed a t  he igh t  z ,  k is von K&m&'s 
constant  with numerical  value 0.4 ,  $ is a un ive r sa l  func t ion  
of the   loca l   Richardson  number,  and u is t h e   s u r f a c e  
f r i c t i o n  v e l o c i t y .  It w a s  assumed t h a t  R i  i s  a l i n e a r  
func t ion  of he ight  and  only  the  lowes t  two he ights ,  18  and  
30 meters,  ere used to determine  the  s lope  of  the  new 
p r o f i l e .  
*O 
(5) From ( 4 )  t he  va lues  of zo and u*o w e r e  d i r ec t ly ' ob ta ined  and  
the  comple t e  r e su l t s  are p r i n t e d  i n  T a b l e  2.1. Also see 
Fig.  2.1. 
(6) After careful ly  inspect ing Table  2 .1  and a topographical  map 
o f  t he  KSC area we d i v i d e d  t h e  r e s u l t s  i n t o  s e c t o r s  t h a t  
v i sua l ly  appeared  to  have  similar roughness elements. 
(7) The wind p r o f i l e s  r e f e r r e d  t o  i n  ( 6 )  were f u r t h e r  d i v i d e d  
into near-neutral  and unstabl-e  cases ind ica t ed  by N and U .  
See Table  2.2.  Note:  Stable cases were not  analyzed. 
(8j FOP each category in  Table  2 .2  a composite wind profile w a s  
determined from  which zo and u were o b t a i n e d  i n  t h e  same 
manner as f o r  t h e  i n d i v i d u a l  wind p r o f i l e s .  The r e s u l t s  are 
g tven  in  Tab le  2 . 3  and Fig.  2.2. 
*O 
The entire procedure enumerated above w a s  car r ied  through twice. 
Some noteworthy conclusions have been deduced from the analysis with the 
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Figure 2 . 1  Roughness l e n g t h  computed  from the  wind  p ro f i l e  o f  
i n d i v i d u a l  runs as func t ion  of wind d i r e c t i o n .  
I 
Table 2 . 1  Richardson number a t  23 m, roughness  length  and  f r ic t ion  ve loc i ty  computed for 
i n d i v i d u a l  runs.  The s u b s c r i p t s  C and F r e f e r  t o  v a l u e s  computed by  Chaplin 
and  P-ichtl,  respectively. Wind d i rec t ion   g iven  as a v e r a g e  i n  f i r s t  30 m. Wind 
speed given a t  t he  he igh t  of 10 z . 
0 
Wind  Wind 
Run No. Direct ion Ri Ri z z Speed *O 
degrees m m m sec m sec 
U 
























































































































































































































































































































































Table 2.2 Richardson number a t  23 m, roughness  length  and  f r ic t ion  ve loc i ty  of 
individual  runs tabulated in  wind-direct ion groups.  N denotes near- 
neut ra l  runs ,  U unstable runs.  Wind speed given a t  18 and 150 m. 
Wind  Wind 
S t a b i l i t y  Run No. R i  z Direct ion Speed U 
0 -1 *0-1 m degrees m sec m sec 
~ ~ ~~~~ 
Wind 
Group 0. Wind Direc t ion  (320"-10°) 
N 013 -0.04 0.23 10  12.1-16.8 1.20 
N 082 -0.12 0.12 5  8.5-10.4 0.73 
U 110 -0.57 0.06 325 6.1- 7.2 0.51 
U 1 2 1  -1.01 0.26 335 3.8-  5.0 0.45 
U 020 -0.83 0.21 320 4.4- 5.4 0.49 
Group I. Wind Direction  (25"-85") 
N 0 30 -0.16 0.12 70 9.0-12.6 0.76 
U 067 -0.32 0.07 55 7.2- 8 . 4  0.57 
U 098 -0.30 0.23 25 6.0-  7.0 0.61 
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0 9 1  
Groups I & 11. Wind Direct ion (25'-150') 
-0.16 0.12 70 9 .O-12.6 
-0.18 0.25 10 5 8.0-11.3 
-0.14 0.40 140 4.3-  5.7 
-0.32 0.07 55  7.2-  8.4 
-0.30 0.23 25 6.0-  7.0 
-0.39 0.10 130  6.4-  8.3 
-0.23 0.42 10 5 3.6-  4.9
-0.33 0.50 90  4.4- 5 .3  
-0.60 0.11 125  4.5-  4 8 
-0.36 0.04 125  5.5-  6.0 
-0.33 0.10 110 3.4-  4.0 
-0.21 0.38 100 5.2-  7.2 
-0.27 0.45 120  2.2-  3.7 
-0.78 0.10 120 4.5- 5 .0  
-1.08 0.17 115  2.8-  3 3 
Group 111. Wind Direction (150'-180') 
-0.05 0.70 170  6.6-  8.9 
-0.20 0.52 15 5 5.5-   7 .4 
-0.19 0.37 165  6.9-  8 7 
-0.24 0.14 16 5 3.6- 6 .2  
-0.31 0.90 180 2.4-  3.6 
-0.20 0.80 180 3.7- 5.0 
Group IV. Wind Direction (180"-230') 
-0.66 0.30 190 3.2- 4.0 
-0.92 0.20 2 30 3.2-  3.9
-1.13 0.09 200  3.8-  4.5 
-0.68 0.50 2  35 1.7-  2.4
Group V. Wind Direction (240'-300') 
-0.04  0.56 2 85  6.0- 9.0 






























Table 2.3.  Characterist ics of composite groups.  The subsc r ip t s  C and F r e f e r  t o  va lues  
computed  by Chapl in  and Ficht l ,  respect ively.  Wind speed  given as average 
between 18 and 150 m. 
Designation R i  oc z 
Mean Average 
u* Direc t ion  Speed z OF ‘e R U Re/Ru 




I : U  
1I:N 
1I:U 
I ,& 1I:N 
I & 1I:U 
I11 : N 
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Figure 2 . 2  Roughness length computed  from the average wind profi le  
of wind-direction groups as function of wind direction. 
Squares denote s ing le  runs,  dots  composite  runs.  Circles 
represent neutral cases. 
56 
(1) The roughness length determined from a near-neutral  wind 
. p r o f i l e  is more re l iab le  than  one  obta ined  from a ve ry  
u n s t a b l e  p r o f i l e  b e c a u s e  i n  t h e  lat ter case t h e  u n c e r t a i n t y  
in  the  g rad ien t  R icha rdson  number and hence i n  $ ( R i )  becomes 
q u i t e  l a r g e .  
( 2 )  Although there is some scatter of z i n  every s e c t o r  as 
0 
r evea led  in  F ig .  2 .1 ,  Tab le s  2.2 and 2.3  i n d i c a t e  t h a t  t h e  
roughness length a t  KSC is independen t  o f  s t ab i l i t y  and 
wind speed. 
( 3 )  The values  of z computed  by F i c h t l  (1968) on a computer  and 
0 
those  computed by Chapl in  without  the aid of  a computer are 
mos t comp a t i b  le. 
( 4 )  L a r g e  v a r i a t i o n s  i n  t h e  v a l u e  of the gradient  Richardson 
number n e v e r t h e l e s s  y i e l d  similar va lues  of roughness length 
as revea led  in  Table  2 .1 .  
(5) A value  of z determined from a composite wind profile i s  
0 
more realistic than  a va lue  of z determined  from an 
ind iv idua l  wind p r o f i l e  b e c a u s e  t h e  e f f e c t s  of e r r o r s  
a t c r i b u t e d  t o  s e n s o r s  and ca l cu la t ion  t echn iques  are 
minimized when one uses an "average" wind p r o f i l e .  
0 
I n  o r d e r  t o  learn more a b o u t  t h e  t r a n s f e r  mechanisms i n  t h e  l o w e s t  
layers of the atmosphere one may study profiles of temperature and wind. 
The stress and  hea t  f lux  are r e l a t e d  t o  t h e  wind shear  and lapse ra te  by 
the  equat ions  
where T is  t h e  t a n g e n t i a l  eddy stress, H t h e  upward  eddy h e a t  f l u x ,  p t he  
dens i ty ;  5 and % are the  exchange  coef f ic ien ts  for  momentum and heat ,  
r e spec t ive ly .  
i 
I f  bo th  the  ' hea t  and  momentum fluxes are " c o n s t a n t "  i n  t h e  f i r s t  
60 meters then one may write 
'60 - '30 ' '30 - '18 where R = u60 - u30 u30 - u18 and R = 
For near-neutral  condi t ions KHl/Slu1 and thus R e / R u ' S 2 / s 2 .  
Qua l i t a t ive ly ,  even  fo r  uns t ab le  cond i t ions ,  as a f i r s t  app rox ima t ion  we 
may use  the  preceding  re la t ionship .  The r e s u l t s  are given in  Table  2 .3;  
they are not  conclusive,  but  composi te  cases O:N, III:N, and V:N do 
sugges t  t ha t  % is g rea t e r  t han  s, i n  agreement with previous investiga- 
t ions.  For  non-neutral  condi t ions i t  is probably  not  proper  to  form the  
r a t i o  Re/Ru because the f luxes are not even approximately constant.  
2.2  Approximate  theory  of " _ ~ ~ _ _  d i a b a t i c   w i n d ' p r o f i l e s  up t o  150 m 
The 150-m tower a t  Cape Kennedy is s u f f i c i e n t l y  h i g h  t o  make it 
n e c e s s a r y  t o  abandon the assumption of constancy of stress on which t h e  
d i a b a t i c  wind p r o f i l e  t h e o r y  is  based .  In  order  to  ana lyze  wind p r o f i l e s  
observed on this tower i t  is  n e c e s s a r y  t o  t u r n  t o  more comprehensive 
theo r i e s  of t h e  p l a n e t a r y  l a y e r .  Several of t h e s e  t h e o r i e s  are a v a i l a b l e  
fo r  neu t r a l  s t r a t i f i ca t ion ,  B lackada r  (1962 ,  1965) ,  Le t t au  (1962)  and 
Appleby and Ohmstede (19641, and two have been proposed for  unstable  
s t r a t i f i c a t i o n  by Blackadar and Ching (1965) and Bobileva e t  a l .  (1965). 
Of t h e  la t ter  two, only Blackadar and Ching's model has been integrated. 
These theories  are n o t  s u i t a b l e  f o r  c u r v e  f i t t i n g  t o  o b s e r v e d  d a t a  b e c a u s e  
only numerical  solut ions have been obtained.  
A method of approximating these numerical profiles has been 
proposed by Blackadar and Tennekes (1968) and by u s i n g  t h e  p r i n c i p l e s  
5 8  
of  a sympto t i c  s imi l a r i t y  a method f o r   f i t t i n g   n e u t r a l  wind p r o f i l e s  h a s  
been  given. The a p p l i c a t i o n  of th i s  approximat ion  i n  d i a b a t i c  
s t r a t i f i c a t i o n  c a n  now be  a t tempted ,  and  th i s  will b e  d e s c r i b e d  i n  t h i s  
s ec t ion .  
The basic  assumption of  the method is t h a t   t h e  mean wind 
d i rec t ion  does  not  usua l ly  change  s igni f icant ly  wi th  he ight  wi th in  the  
lowest 150 meters. The va l id i ty  o f  t h i s  approx ima t ion  is demonstrated 
by a l l  of  the numerical  models  that  have been given,  as w e l l  as by 
numerous observed wind profiles. This assumption serves t o  a much 
g rea t e r  he igh t  t han  the  cons t ancy  of stress, which often shows a 30 percent  
decrease  in  the  lowes t  150  m. I f  w e  now de f ine  the  x -ax i s  t o  be  the  
d i r e c t i o n  o f  t h e  wind n e a r  t h e  g r o u n d ,  t h e  f i r s t  e q u a t i o n  of mot ion ,  for  
s t eady- s t a t e  mean condi t ions  becomes, simply 
(2 6 )  




t h e  y-component  of the  geos t rophic  wind and f is t h e  C o r i o l i s  
This  may b e  i n t e g r a t e d  w i t h  r e s p e c t  t o  h e i g h t  t o  g i v e  
du 2 
= u*o (1 - z 
where u* is the  su r face  va lue  o f  t he  f r i c t ion  ve loc i ty  and Y s a t i s f i e s  
0 
asymptotic 
I n  o r d e r  t o  d e t e r m i n e  v we may impose t h e  r e s u l t  o f  t h e  t h e o r y  o f  
g -
s i m i l a r i t y  
where 0 is  
number f o r  




def ined as U * ~ / ~ L  . It may be regarded as a bulk Richardson 
the  p lane tary  boundary  layer .  This  resu l t  w a s  f i r s t  p r e d i c t e d  
0 
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by Bobileva e t  al .  (1965) i n  a s p e c i a l i z e d  way. It has stnce been shown 
by Blackadar and Tennekes (1968) t h a t  this r e s u l t  i s  more gene ra l ly  
v a l i d .  Under n e u t r a l  s t r a t i f i c a t i o n  (0 = 0 ) ,  t he  va lue  o f  A has been 
shown to  be  abou t  5. An empir ica l  de te rmina t ion  of  A(0)  has  recent ly  
I 
i been  given  by  Zi l i t inkevich  and  Chal ikov  (1968) ,   but   this  is based  only 
I on d a t a  f o r  one s t a t i o n .  P r i e s t l e y  h a s  a l s o  made very recent  determina-  
t i o n s  of the  func t ion  A(CT), bu t  these  have  not  been  ava i lab le  for  use .  
Accordingly w e  pu t  
(2.10) Y = kuko/fA(O) 
I n  o r d e r  t o  i n t e g r a t e  (2.7) t o  ge t  t he  wind  d i s t r ibu t ion ,  it is  
necessa ry   t o   pa rame te r i ze   i n  a s u i t a b l e  way. Panofsky  (1961)  has 
shown t h a t  i n  t h e  c o n s t a n t - s t r e s s  l a y e r  5 can  be  predic ted  by t h e  r e l a t i o n  
(2.11) % = cu* 2 d u + X E ]  z cppT 
where y is an  empi r i ca l  coe f f i c i en t ,  H is the  su r face  hea t  f l ux ,  and  R 
is  kz.  To adap t  t h i s  expres s ion  fo r  u se  th rough  a non-constant stress 
l a y e r ,  i t  is necessary   to   rep lace   uk2  by  du/dz  and t o  r e p l a c e  R = kz 
by 
kz  u*O (2.12) , with AB = .0063 - f 
which w a s  found t o  be  necessa ry  to  desc r ibe  the  f low in  the  p l ane ta ry  
boundary layer  under  neutral  condi t ions (Blackadar ,  1965) .  
It may be asked whether R should depend on the Richardson number 
i n  some way. Such a procedure i s  n o t  a p p r o p r i a t e  f o r  two r e a s o n s .  F i r s t ,  
i t  appears  that  near  the boundary the s ignif icant  scale is  d i s t ance  from 
the  boundary ,  wh i l e  i n  the  p l ane ta ry  boundary  l aye r  t h i s  is always u* / f ,  
a f a c t  which follows from the equations of motion without any regard 
fo r  cons ide ra t ions  o f  s t ab i l i t y .  Second ly ,  i t  can  eas i ly  be  shown t h a t  
0 
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wi th in  the  cons t an t  stress l a y e r  a v a r i a t i o n  o f  % with Richardson number 
is e q u i v a l e n t  t o  a change of the value of y. The value of  y t h a t  we 
s h a l l  u s e ,  15 (18 when H is rep laced  by -c psaB/az ) ,  has  been  
e s t a b l i s h e d  on the  assumpt ion  tha t  !L is independent of Richardson number. 
Thus it i s  a p p r o p r i a t e  t o  f o l l o w  t h e  same procedcre  in  ex tending  the  
s u r f a c e  l a y e r .  Thus, upon ex tend ing   t he   de f in i t i ons  of t h e  q u a n t i t i e s  
P 
using  (2.3)  and  (2.12) we  f i n d  i n  Eq. (2.11) and 
(2.13) 5 4 =  
L 
w h e r e L o i s  t h e  s u r f a c e  Monin length  
3 
c pTuko 
(2.14) L = -  p 
0 kgH 
and H i s  the  tu rbu len t  hea t  f l ux  a t  the  su r face .  Here and i n  t h e  
subsequent discussion we do no t  t ake  in to  accoun t  any  e f f ec t  of t he  
change of h e a t  f l u x  i n  t h e  vertical .  There appear  to  be no experimental  
reasons compelling that such a v a r i a t i o n  of hea t  f l ux  needs  to  be  
i n c l u d e d  i n  wind p r o f i l e  t h e o r i e s ,  2nd it is  inc luded  fo r  s impl i c i ty .  
Fur ther  assessment  of  th i s  e f fec t  is needed. 
It w i l l  be  usefu l  here  to  rep lace  du/dz  in  (2 .7)  and (2.13) by 
an equiva len t  func t fon  @, the so -ca l l ed  un ive r sa l  func t ion  de f ined  by 
with  the  understanding t h a t  u .  Is t o  b e  t h e  v a l u e  a t  t h e  s u r f a c e ,  as  
heretofore .   Final l -y  w e  eliminate  between Eqs (2.7)  and  (2.13)  and 
obta in  the  equat ion  
X 0  
which may be regarded as t h e  a p p r o p r i a t e  g e n e r a l i z a t i o n  of the  KEYPS 
equat ion  for  the  l aye r  o f  cons t an t  wind d i r e c t i o n .  
Panofsky (1963) has  shown t h a t  f o r  t h e  c o n s t a n t  st'ress l a y e r ,  
, t h e  KEYPS equat ion   has  a s o l u t i o n  of t h e  form 
i 
(2.17) U " - [Ie. 5. - G~ (31 
u*O 0 0 
and has  given a graph  of  the  func t ion  I) (z/L ). The au thor  has  shown 
elsewhere (Blackadar and Tennekes, 1968) t h a t  f o r  n e u t r a l  s t r a t i f i c a t i o n  
i n  t h e  c o n s t a n t  w i n d - d i r e c t i o n  l a y e r ,  t h e  wind p r o f i l e  may be approximated 
by  the  equat ion  
1 0  
(2.18) U " - 1 b n  z - 9, ($11 
u* 0 k 0 *O 
and has  g iven  graphs  of - the  func t ion  $ (-) f o r  two of t h e  i n t e g r a t e d  
planetary boundary layer  models .  For  the general  diabat ic  case,  the 
s o l u t i o n  w i l l  be  represented by the form 
zf 
u*o 
where Z s t a n d s   f o r   z f / u  and w e  s h a l l   s e e k   t h o s e   c o n d i t i o n s  for which 
t h i s  s i m p l e  form is  v a l i d .  One of the  ques t ions  to  be  de te rmined  is  t h e  
*O ' 
form  of t h e  unknown funct ion  I),. Since  the  form  can 
n e u t r a l  case, i t  is d e s i r a b l e  t o  know t o  what e x t e n t  
w i t h  s t a b i l i t y  c o u l d  b e  i g n o r e d ,  s o  as t o  p e r m i t  t h e  
stress va r i a t ions  to  be  app l i ed  independen t ly  o f  t he  
s t a b i l i t y .  
L e t  us now def ine  the  fo l lowing  quan t i t i e s .  
I 
b e  p r e d i c t e d  f o r  
t h e  v a r i a t i o n  of 
c o r r e c t i o n  f o r  
c o r r e c t i o n  f o r  
t h e  
q2 
U *o A ( 0 )  ku , a = - - 6 3  (2.20) b = -  = -  *O fY f% 
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D i f f e r e n t i a t i o n  of (2.19) w i t h  r e s p e c t  t o  z g i v e s  the r e l a t i o n  
(2.21) 
where 
(2.22) z 4, = 1" Ill1 = 1 - OzJ'lf 
LO 
where J' ' = dJ'l/d(z/Lo),  and 1 
where = a$,/aZ. F u r t h e r m o r e ,   s a t i s f i e s   t h e  KEYPS equat ion 
(2.23aj $)14 .- E 3 
Lo 
$1 = 1 
We now expand Eq. (2.16) i n  powers of Z, r e t a i n i n g  terms i n  Z 2 
or  lower,  
(2.24) 
(4a - 2b)Z + (b2 - 8ab + 6a  )Z 2 2  
Use has been made of t h e  fact  t h a t  $)1 satisfies 
and $)2 are of o r d e r  Z a t  t h e  lowest. 
UPO-A subs t i tu t ion  of  (2 .23)  we o b t a i n  
(2.23a) ,  and that  ($1 - 1) 
(4a - b )  + (yob + b' - 8ab + 6a')Z 
'f -- 
r 
To a first approximat ion  (equiva len t  to  sa t i s fy ing  the  genera l  equat ion  
in  $I t o  first o r d e r  i n  Z only) w e  ob ta in  
(2.26) 1 VJ2 = - (a - y b)Z = - (63 - 6)Z = - 572 
Except  for  the  s l igh t  dependence  of b on 0, th i s  approximat ion  
t o  Q2 is independent of a, and the c o r r e c t i o n s  f o r  s t a b i l i t y  and height  
v a r i a t i o n  of stress can be  made independently.  When, however, t h e  
h e i g h t  becomes so  l a rge  tha t  s econd  o r  h ighe r  o rde r  terms i n  Z have to 
be included,  q2 depends on (5 (both  d i rec t ly  and  ind i rec t ly  through $,), 
and the two co r rec t ions  are no longer  independent  of  each other .  
It should be noted that ,  a l though the value of b depends to some 
e x t e n t  o n  s t a b i l i t y ,  t h e  v a l u e  of $ /Z t o  t h i s  approx ima t ion  i s  not  2 
s e n s i t i v e  t o  s t a b i l i t y  v a r i a t i o n s .  S i n c e  t h e  f u n c t i o n  A(a) i s  not  w e l l  
known, the dependence of b on 0 w i l l  be  ignored  fo r  t he  p re sen t ,  and  
w i l l  no t  have  any  s ign i f i can t  e f f ec t .  
The o b j e c t  of  wind p ro f i l e  equa t ions  such  as (2.19) is to 
f u r n i s h  a means of ca l cu la t ing  the  s ign i f i can t  pa rame te r s  z and u 
which are needed f o r  t h e  p a r a m e t e r i z a t i o n  and p r e d i c t i o n  of o t h e r  wind 
statistics. Therefore ,  i t  is necessary t o  cons ider  how wind p r o f i l e  
obse rva t ions  can  be  app l i ed  to  (2 .19 )  fo r  ca l cu la t ing  z and u It 
is a l so  impor t an t  t o  de t e rmine  what e r r o r s  are inhe ren t  i n  the .pa rame te r s  
z and  uj;' de te rmined   by   cons tan t -s t ress   l ayer   ana lys i s   th rough  the   use  
of t h e  more common equat ion  
0 * O  
0 * O  - 
0 
u* 
(2.27) u = - k b n  z 1  - $ (z)] 
0 Lo 
The determinat ion  of  z and u is gene ra l ly  most accu ra t e ly  done 
0 *O 
from t h e  two o r  t h r e e  l o w e s t  levels of  observa t ion .  S ince  th i s  I s  t h e  
case, the approximations used in  this s e c t i o n  are espec ia l ly  appropr i a t e  
for  the  de te rmina t ion  of  these  parameters .  This a n a l y s i s  i s  g r e a t l y  
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f a c i l i t a t e d  by a fo r tuna te  co inc idence .  I f  w e  cons ider  the  product  
- I / I ~ U * ~ / ~  which i n  (2.19) is seen t o  b e  t h e  c o r r e c t i o n  t o  u r e s u l t i n g  
from t h e  v a r i a t i o n  of stress, we f i n d  i t  i s  independent of u and z . 
This  is fo r tuna te ,  s ince  i t  p e r m i t s  t h e  e f f e c t  t o  b e  removed be fo re  
the values  of the parameters  are known. Thus, by  the  use of (2.19) 
and (2.26), we have 
*O 0 
(2.28) 57f z 
C = ( u - k ) = -  u * ~  k F n  - 9 (z)] Lo 
and we see t h a t  u is r e l a t e d   t o   t h e   t r u e   v a l u e s  of u and z by t h e  
same Eq. (2.27) as has  usua l ly  been  app l i ed  in  the  cons t an t  stress 
technj.que.  TherejFore, t o   o b t a i n   t h e   t r u e   v a l u e s  of u and z one 
s imply  subt rac ts  57fz /k  from each observed wind speed and proceeds by 
Panofslcy's technique to  de r ive  the  pa rame te r s .  
C *O 0 
*O 0 
When values of z ' have been found by p rev ious  ana lys i s ,  as is 
0 
t h e  case i n  t h e  Cape Kennedy a n a l y s i s ,  t h e  c o r r e c t e d  v a l u e s  o f  z can 
be found without  reanalysis .  
0 
If we e l i m i n a t e  i n  z between  (2.19)  and  (2.27) we ob ta in  
z '  
(2.29) Rn - - 0 -  z 
0 
This equation must be 
for the  de terminat ion 
ku U - ( 1 - 7 ) "  *o 57fz 
UA0 u* U7k0 
s a t i s f i e d  a t  a l l  levels. It y i e l d s  two equat ions 
of z and u * ~  if we apply i t  a t  t h e  same two levels 
0 
that  have been used for  the determinat ion of  z ' and  u*' .   Call ing  these 
l e v e l s  1 and 2 ,  w e  can then  e l imina te  Rn ( z o ' / z  ) from the  two equat ions 
and solve for ux0/u*'  
0 
0 
U* 0 57f 2 z - z  
(2.30) 1 
1 
- =  
u* 
1" k u 2 - u  
Having thus  obtainedu  f rom  the  previous  es t imate  u*', one may then  apply 
(2.29) a t  e i t h e r  level t o  g e t  zo from z '. *O 
0 
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The va lues  of zo and u that   had  been  determined  previously,  as 
*O 
l i s t e d  i n  R e p o r t  8 were s u b j e c t e d  t o  a rede termina t ion  i n  accordance with 
these techniques,  and the comparisons are shown i n  Table  2.4. The average 
of t he  co r rec t ed  va lues  of zo is  32 percent  of the  or igr ina l  va lues ,  whf le  
\ the   average of the   co r rec t ed   va lues  of u is  68  percent  of the  un.corrected 
! values .  On t h e  basis of other   evidence t o  be  given later, i t  appea r s   t ha t  
\ 
*O 
i cor rec t ions   uch  as these  are requ i r ed ,   bu t  may be  somewhat t o o   l a r g e   i n  
magnitude. 
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Table 2.4 Corrected wind profile parameters. 
Run No. z '(d 0 
013  0.23 
020 0.21 
0 30  0.12 
057  0.25 
067  0.07 
0 70 0.10 
0 75  0.52 
078  0.56 
082  0.12 
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15 5 0.90 
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165 0.38 




176  0.17 





















( 0 )  











( 0 )  


































































References  (continued) 
F i c h t l ,  G. H. ,  1968: An ana lys i s  of  the  roughness  length  assoc ia ted  wi th  
t h e  NASA 150-meter  tower.  Tech. Mem. X-53690. 
"
Let tau ,  H.  H., 1962: Theore t i ca l  wind s p i r a l s  i n  t h e  boundary  layer of a 
barotropic  atmosphere.   Beitrzge  zur  Phys.   der  Atmosphzre,  35, 
195-212. 
Panofsky, H. A . ,  1961: An a l t e r n a t i v e  d e r i v a t i o n  of t h e  d i a b a t i c  wind 
p r o f i l e .   Q u a r t .  2. E. Met. SOC., 87, 109-110. 
Panofsky, H. A. ,  1963:  Determination  of stress from  wind  and  temperature 
measurements.  Quart. 2. X. Met. Soc., 3, 85-94. 
Panofsky, H.  A .  and A .  Townsend,  1963: The e f f e c t  of a change in  roughness  
on t h e  wind p r o f i l e .  XI11 General Assembly, IUGG , Berkely,  
Ca l i fo rn ia .  
Z i l i t i n k e v i c h ,  S.   S.  and D. V.  Chalikov,  1968: The l a w s  o f   r e s i s t a n c e  
and of heat and moisture exchange in the interaction between the 
atmosphere  and an under ly ing   sur face .  Izv. Akad. Nauk SSSR, 
Amos. and  Ocean.  Phys., 4, 765-772. -" 

69 
111. SPECTRA OF THE HORIZONTAL W I N D  COMPONENTS 
Hans A .  Panofsky 
3.1 Treatment of   fas t - response  data  
Wind speed  and  d i rec t ion  were original ly  recorded every one tenth 
of a second, and then averaged i n  groups of 20 (2-second non-overlapping 
means). From these  quan. t i t ies ,   the   sponsor   conputed  longi tudinal  (u) 
components a long  the  vec to r  mean wind, and la teral  (v) components a t  
r igh t  angles .  L ines  of  regress ion  were f i t t e d  t o  u and v, and t h e  
dev ia t ions  from t h e s e  l i n e s  were t r e a t e d  f u r t h e r  by the sponsor .  The 
computa t ions  inc luded  kur tos i s ,  skewness ,  s tandard  devia t ions  and  spec t ra l  
ana lyses  by t h e  Tukey method. Cross spectra between a l l  p a i r s  of levels 
(6 levels, 1 5  p a i r s )  were computed f o r  l i k e  v e l o c i t y  components. A l l  
spectrum analysis  w a s  made on the  bas i s  of 180 l a g s ,  s o  t h a t  spectral  and 
c r o s s  s p e c t r a l  estimates extended from per iods  of 2 sec.onds t o  720 seconds. 
Some experimental  group averaging w a s  done on t h e  s p e c t r a  and cospectra.  
Spectra and coherence were computer p l o t t e d  a t  The Pennsylvania State  
U n i v e r s i t y ,  w i t h  r e s u l t s  t o  b e  d i s c u s s e d  la te r .  
3 . 2  Theory of t h e  i n e r t i a l  r a n g e  
Even though the  condi t ions  for  an  i so t ropic  iner t ia l  subrange  can  
be  sa t i s f i ed  on ly  fo r  wave leng ths  much smaller than the height above 
ground,  spectral  shapes of t h e  form t y p i c a l  f o r  t h e  i n e r t i a l  r a n g e  are 
obse rved  fo r  t he  ho r i zon ta l  ve loc i ty  components f o r  much longer wavelengths 
(Busch  and  Panofsky,  1968). I n  p a r t i c u l a r ,  u - s p e c t r a  obey  the  cha rac t e r i s t i c  
-5/3 l a w  up t o  wavelengths  about  f ive t imes the height  (depend.ing somewhat 
on s t a b i l i t y  and  he ight ) ,  and even v-spectra follow the same l a w  up t o .  
wavelengths  more  than twice t h e  h e i g h t .  T h e r e f o r e ,  s p e c t r a l  c h a r a c t e r i s t i c s  
o f  t h e  h o r i z o n t a l  wind components can be inferred from simple observations 
. near   the   g round  th rough  the   theory   o f   the   iner t ia l   range;   converse ly ,   the  
vertical va r i a t ion  o f  t he  d i s s ipa t ion  can  be  found  from t h e  s p e c t r a .  Then 
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from the  energy  equat ion  appl ied  c lose  to the ground, w e  can ob ta in  
s u r f a c e  stresses and roughness lengths.  
The one-dimensional spectrum i n  the iner t ia l  subrange can be 
w r i t t e n  (see, e.g. ,  Lumley and Panofsky, 1964): 
S(k) = aE: 2/3 k-5/3 
Here, a r ep resen t s  a constant,  which has a va lue  0.14 f o r  t h e  
longi tudina l  spec t rum,  and  0 .18  for  the  la teral  spectrum; k is the  
wave number i n  c y c l e s  p e r  mit length; and E is t h e  d i s s i p a t i o n  race of 
the  tu rbu len t  k ine t i c  ene rgy .  We now d e f i n e  @ as 0.4zE/u* , where u* 
is t h e  L o c a l  f r i c t i o n  v e l o c i t y ,  and apply Taylor 's  hypothesis .  
3 
E 
According to  Tay lo r ' s  hypo thes i s  ( s ee ,  e .g . ,  Lumley and Pznofsky, 
1 9 6 4 > ,  l o c a l  E u l e r i a n  f l u c t u a t i o n s  of a v a r i a b l e  w i t h  time can be 
i n t e r p r e t e d  to be due t o  v a r i a t i o n s  o f  t h a t  v a r i a b l e  a l o n g  t h e  mean wind 
d i rec t ion ,  be ing  swept  pas t  the  observer  wi th  mean wind speed V. I f  t h e  
f l u c t u a t i o n s  are j u s t  due t o  a s imple  t r ans l a t ion  ( f rozen  wave hypo thes i s ) ,  
we can  rep lace  the  wave number k i n  Eq. (3.1) by n/V, where n is t h e  
frequency.   Similar ly ,   the   quant i ty   kS(k)   ( the  var iance  produced  by unit 
logar i thmic  wave number in t e rva l )  t hen  equa l s  nS (n) , which measures the 
variance produced i n  u n i t  l o g a r i t h m i c  f r e q u e n c y  i n t e r v a l ,  s i n c e  d(Rn n) = 
d(Rn k) . 
Several experiznents, quoted i n  t h e  above reference,  have shown 
tha t  Taylor ' s  hypothes is  is p a r t i c u l a r l y  w e l l  s a t i s f i e d  a t  h igh  f requencies .  
We can then. put Eq ( 3 , l )  i n t o  t h e  f o m  ( s u b s c r i p t  z e r o  s t a n d s  f o r  
su r face  va lues ) :  
In this equat ion,  f is a nondimensional frequency nz/V, where z is 
height ,  and C is a cons tan t  equal  to 0.26 f o r  l o n g i t u d i n a l  s p e c t r a ,  a n d  
0 .34  fo r  lateral  spec t r a .  
7 3. 
We w i l l  now d e f i n e  a quan t i ty  X by: 
( 3 . 3 )  X = $  2/3 (u*/u*o) 
2 
E 
X is the  va lue  of nS (n) /u 2C a t  f = 1. It varies wi th  he igh t ,  bu t  :Is 
independent of frequency. The v a r i a t i o n  of X w i t h  he igh t  and s t a b i l i t y  
can be understood from the budget of t u rbu len t  k ine t i c  ene rgy :  
*O 
Here , g is  g r a v i t y  , H t h e  vertical. h e a t  f l u x ,  c t h e  s p e c i f i c  h e a t  a t  
cons t an t  p re s su re ,  p t h e  a i r  densi ty ,  and T the  temperature;  E is t h e  
mean t u r b u l e n t  k i n e t i c  e n e r g y  p e r  u n i t  mass, and D t h e  v e r t i c a l  
divergence of  the vertical energy flux produced by turbulence,  and P 
is  a term descr ib ing  work done aga ins t  the  f l -uc tua t ing  pressure  forces .  
P 
We assume tha t  t he  ene rgy  is  i n  e q u i l i b r i u m ,  t h a t  t h e  p r e s s u r e  
term is unimportant ,  and that  only the ver t ical  shea r  of t he  mean wind 
is l a r g e  enough to produce energy; then, the energy equation t .akes the 
9 
form ( a f t e r   no rma l i z ing  by u / O . ~ Z ) :  2 
*O 
( 3 . 5 )  
Here, 4 is 
normalized 
9 
X 3 l 2  = [ @(x/L)  - z/L - D] - u* 
u*O 
the nondimensional wind shear (0.4z/u,) (dV/dz) , 
energy  f lux  divergence.  L is  t h e  Monin-Obulchov 
J (u*  cppT)(kgH). The behavior  of D is Encer ta in ;  Busch  and 
have  brought  toge ther  ev idence  tha t  D is  unimportant under 
On the  o ther  hand ,  observa t ions  from  Brookhaven  (Panofsky, 
and D t h e  
length  
Panofsky  (1968) 
a l l  condi t ions .  
1962) sugges t  
t h a t  f l u x  d i v e r g e n c e  is pos i t ive  and  may cance l  z/L i n  uns tab le  air. 
But  even f o r  t h e s e  d a t a ,  D approaches  ze ro  in  neu t r a l  air .  I n  n e u t r a l  
air, the re fo re ,  X w i l l  most  l ikely tend toward uni ty  as the ground is 
approached.   Recent ly ,   Businger   (unpubl ished)   has   suggested  that ,   in  
uns t ab le  air ,  D is small above a certain he igh t .  
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It w i l l  be  seen  tha t  t he  obse rved  va r i a t ion  of X w i t h  h e i g h t  is 
cons is ten t  wi th  the  hypothes is  that D is unimportant i n  uns t ab le  a i r  
(at 30 m and  above). We can  then  wr i te  Eq. (3.5) i n  t h e  form: 
where L i s  the  va lue  of L computed wi th  u The q u a n t i t y  L can  be 
obtained from Businger 's  hypothesis (see Deardorff ,  1968)  that ,  a t  low 
levels i n  u n s t a b l e  a i r ,  
0 *O - 0 
( 3 . 7 )  z/L = R i  
I f  w e  make the  reasonable  assumpt ion  tha t  L is constant below 23 m ,  we 
can compute L by: 
0 
23m/Ri23 
where R i  is  the  Richardson number a t  abou t  23 m y  computed  from t h e  
observed winds and temperatures a t  30 m and 18 m.  
23 
The quan t i ty  z/Lo can be considered as the Richardson number a t  
23 m y  ex tsapola ted  upwards l i n e a r l y  t o  h e i g h t  z. This  quant i ty  w i l l  
a l s o  be  c a l l e d  R i e f f ,  the  "effect ive" Richardson number a t  h e i g h t  z .  
This  quant i ty  is judged  to  be  a b e t t e r  i n d i c a t o r  of t h e  relative importance 
of convect ive and mechanical  turbulence a t  level z than the measured 
Richardson number f o r  two reasons:  f i rs t ,  both numerator  and denominator  
i n  R i  become small a t  high levels so t h a t  estimates of R i  become erratic; 
and second, Ri often changes sign around midtower height, even though 
t h e  h e a t  f l u x  is s t i l l  upward and convect ive turbulence is important .  
S ince   the   quant i ty  u,/u d i f f e r s  s i g n i f i c a n t l y  from uni ty   on ly  a t  
cons iderable  he ight ,  where ,  in  uns tab le  a i r ,  @(z/L) is much smaller 
*O 
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numerical ly   than z/L, (u,/u )3  can   genera l ly   be   t aken  as unity. Only 
i n  n e a r  n e u t r a l  air ,  w i l l  the  decrease  of stress wi th  he igh t ' cause  a 
gradual  decrease  of X wi th  he igh t .  
*O 
If w e  accept Businger ' s  e x p r e s s i o n   f o r   t h e   d i a b a t i c  wind 
I p r o f i l e  (see Deardorff,   1968),  that 
w e  o b t a i n  f o r  X: 
(3.10) X = [ (1 - 18 z/L) -1/4 2/3 - z/Lol 
Figure 3.1 is  a graph of d? as function of z/L i n  u n s t a b l e  a i r  
0 
based on E q .  (3.10) , which  the re fo re  a l so  r ep resen t s  t he  va r i a t ion  of 
t he  spec t r a  wi th  he igh t  a t  f = 1. Since Q, is important  only for  small 
z ,  L has been replaced by Lo. Thus, t h e  s p e c t r a  a t  f = 1 a t  f i r s t  
dec rease  s l i gh t ly  wi th  he igh t ,  and  then  inc rease .  For l a r g e  z/L, X 
varies as z2I3.  This is  the  cond i t ion  when buoyant  energy  production 
i s  balanced by d i s s i p a t i o n .  
I n  n e u t r a l  a i r ,  of course,  X w i l l  s lowly decrease upward from 
one a t  the  ground.  In a l l  cases then,  X should  approach  one as the  
ground is approached.  Since, by d e f i n i t i o n ,  t h e  s p e c t r a  f o r  u and v 
are of the  form: 
the  above  express ions  for  X make i t  poss ib l e  t o  estimate the s p e c c r a  t o  
cons iderable  he ights ,  p rovided  tha t  the  vertical flux of enthalpy can 
be  taken  as a constant ,  and provided the undetermined factor  u*/u*, does 
n o t  become important.  A t  18 m,  F i c h t l  f i n d s  t h a t  the observations of E 
are be t t e r  exp la ined  by  a s suming  tha t  I$ = @(z/L) implying that b u o y a t  E 











Figure 3.1 Theoretical  relation o f  to  effective  Richardson  number. 
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production and flux divergence cancel here, in agreement with Businger 's  
ideas .  
3.3  Ob-served c h a r a c t e r i s t i c s  - ~-~ of   subrange   spec t ra  
In  p r a c t i c e ,  some of the above ideas  w e r e  t e s t e d  by s tudying  the  
c h a r a c t e r i s t i c s  of X = nS(n) / C U , ~  a t  f = 1. The computat ion of  this  
quan t i ty  r equ i r ed  first an es t imate  of  u which w a s  determined from the 
wind at 18 m, and a roughness  length previously determined for  that wind 
d i rec t ion  (Chapter  11). Then, X was  determined from a computer p l o t  of 
t h e  s p e c t r a  on  log - log  pape r ,  i n t e rpo la t ing  o r  ex t r apo la t ing  to  f = 1. 
2 
*O 
Figure 3.2  shows the dependence of X1l2 on h e i g h t  f o r  t h e  
u-component i n  two t y p i c a l  s i t u a t i o n s  w i t h  d i f f e r e n t  s t a b i l i t y .  In 
general ,  such curves are n e a r l y  vertical i n  n e a r - n e u t r a l  a i r ,  and s l o p e  
toward the,  upper  r ight  in  unstable  air .  The observations above 18 m 
are w e l l  s a t i s f i e d  by Eq. (3.6). However, t h e  v a l u e  o f  X a t  18 m tends 
t o  be  s ign i f i can t ly  lower  than  a smooth curve drawn through the  o ther  
da t a .  This cha rac t e r i s t i c  can  be  unde r s tood  i f ,  as suggested previously,  
the  f lux  d ivergence  is important a t  18 m b u t  n o t  a t  the  h ighe r  levels, 
as suggested by Businger.  
Smooth curves were drawn through the points above 18 m and 
ex t r apo la t ed  downward t o  the  su r face .  Here, the  va lue  of X goes to  one 
acco rd ing  to  E q .  (3.6). The a c t u a l  v a l u e s  o f t e n  d e p a r t e d  s i g n i f i c a n t l y  
from u n i t y .  I f  we assume t h a t  t h e  s p e c t r a  are of good q u a l i t y ,  i t  
fol lows that  the roughness  es t imated previously from the wind p r o f i l e s  
w a s  wrong. This is qui te   possible ,   because  roughness   determinat ions 
should be made from wind p r o f i l e s  a t  levels lower than here  avai lable .  
For this  reason,  roughness  values  were recomputed s o  as t o  make the  
l imi t ing  va lue  o f  X a t  the ground equal to one.  
Table 3.1 showss the  roughness  lengths  or ig ina l ly  computed as 
w e l l  as the  va lues  needed  to  make X equa l  t o  one ,  a t  the ground. In 
many cases, the revised roughness  lengths  are subs tan t ia l ly  lower  than  
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Table 3.1 Roughness l e n g t h s  computed  from  wind p r o f i l e s  and  spec t ra .  
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direct ion  according  to   Blackadar   (personal   communicat ion) .   Second,  some 
pre l iminary  estimates sugges t  that the revised  roughness  lengths  are 
more nea r ly  cons i s t en t  w i th  the  obse rva t ions  of s tandard  devia t ions  of  
u and v th& the  o r ig ina l  roughness  l eng ths .  
I n  o r d e r  t o  test Eq. (3.6), Lo was computed by assuming that the 
Richardson number computed from winds and temperatures a t  the lowest  two 
levels equals  z/L a t  the geometric mean of these two he igh t s .  Then., X 
w a s  computed  from Eq. (3.6) (Fig.  3.1),  and plotted as func t ion  of he igh t  
on log-log paper. This was  compared w i t h  t h e  0bserve.d va r i a t ion  o f  X wi th  
height .  Since the observed and  computed values  of  X cou ld  d i f f e r  by  a 
constant  factor  (depending on t h e  r a t i o  of r e v i s e d  t o  o r i g i n a l  r o u g h n e s s  
l e n g t h ) ,  t h e  t h e o r e t i c a l  l i n e  was s h i f t e d  s i d e w a y s  u n t i l  t h e  b e s t  f i t  
t o  t he  obse rved  spec t r a  i s  obtained.  However, u-spectra  and  v-spectra 
were assumed t o  h a v e  t h e  r e q u i r e d  4 / 3  r a t i o .  F i g u r e  3.3 shows these 
f i t s .  C l e a r l y ,  Eq. (3 .6)   predicts   the  behavior   of  X w i t h  h e i g h t  q u i t e  
w e l l .  Also,   the  assumption  of  isotropy is c o n s i s t e n t  w i t h  t h e  
observa t ions .  
0 
There are only one or  two e x c e p t i o n s  i n  u n s t a b l e  a i r ,  where 
presumably  the  s tab i l i ty  parameter  is i n  e r r o r .  A l s o ,  t h e  ver t ical  
v a r i a t i o n  is n o t  w e l l  matched on t h e  s t a b l e  s i d e  w h e r e  4 has been taken 
as 1 + 9 z/Lo. Here one  would n o t  r e a l l y  e x p e c t  s u r f a c e  l a y e r  
approximations to  be val id  above a few meters because the turbulence 
s t ruc tu re  f a i l s  t o  p roduce  su f f i c i en t  coup l ing  be tween  the  lower  and 
upper levels. 
E 
I n  o r d e r  t o  remove t h e  e f f e c t  o f  t h e  u n c e r t a i n  c o n s t a n t  f a c t o r ,  
r a t i o s  o f  t h e  s p e c t r a  a t  f = 1 a t  120 m and 30 m were formed, and 
compared w i t h  r a t i o s  of t h e s e  s p e c t r a  computed  from Eq. (3.6).  The 
r e s u l t  is shown i n  F i g .  3.4. Here, the agreement is good. 
I n  summary, i t  appears  then t h a t  Eq. (3.6), which is based on 
the  eddy energy equat ion without  f lux divergence,  w e l l  accounts  for  the 
vertical v a r i a t i o n  of t he  spec t r a ,  a l t hough  i t  does  no t  exp la in  the i r  
absolu te  va lues ,  un less  the  roughness  lengths  are adjus ted .  
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Figure 3 . 3  F i t  of theoretical  relat ion to observed re lat ion between 
& and height. 
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Figure 3 . 4  Rat io  fi a t  120 m t o  a t  30 m as func t ion  of R i  
t h e o r e t i c a l   ( l i n e )  and  observed  (points).   Dots,   eff '  
longi tudina l  and  crosses ,  lateral  v e l o c i t y .  
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Given the adjusted roughness  lengths ,  estimates of  the i n e r t i a l  
p o r t i o n  o f  t h e  s p e c t r a  i n  t h e  i n e r t i a l  r a n g e  c a n  now be  based  on Eq. (3.7). 
F i r s t ,  t h e  s u r f a c e  stress is obtained from a low-level wind and a 
s t a b i l i t y  c o r r e c t i o n  i n  the usua l  m a n n e r .  Then, the Richardson number 
computed from the  lowes t  two winds is assumed t o  be e q u a l  t o  z/Lo; and X 
is found  from Eq. (3.6) o r  F i g .  3.1. These estimates, w i l l  b e  h i g h  f o r  
near n e u t r a l  a i r  f o r  cases a t  high levels. Otherwise,  such estimates 
a p p e a r  t o  b e  v a l i d  up t o  150 m i n  u n s t a b l e  a i r ,  and a t  lower levels i n  
n e u t r a l  and s l i g h t l y   s t a b l e  air .  
S i n c e  s p e c t r a l  e s t i m a t i o n  as d iscussed  i n  t h i s  r e p o r t  h a s  
concen t r a t ed  en t i r e ly  on t h e  i n e r t i a l  r a n g e ,  i t  is impor tan t  to  de te rmine  
up t o  what frequency the -5/3 slope is val id .  For  a l a r g e  number of  runs 
va lues  of f = nz/V were es t imated  by eye up t o  which t h i s  s i m p l e  power 
l a w  could  be assumed. Figure  3.5 shows th i s  l imi t ing  va lue ,  deno ted  by 
f b ,  p l o t t e d  as func t ion  of he ight  z and L.  In add i t ion  to  obse rva t ions  
from Cape Kennedy, the  graph  conta ins  da ta  obta ined  a t  t h e  300- tower 
a t  Obninsk by Volkovitskaya and Ivanov (1967). 
It i s  clear t h a t  f b  i n c r e a s e s  w i t h  h e i g h t ,  b u t  more s lowly  than  
l i n e a r l y ,  so tha t  t he  l imi t ing  wave leng th  a l so  inc rease  upward. Fu r the r ,  
the  va lue  of f is smaller i n  u n s t a b l e  t h a n  i n  s t a b l e  a i r ;  bu t  t he  
d e t a i l e d  v a r i a t i o n  w i t h  L is  ra the r  i r r egu la r ,  o r  r a the r  "no i sy" .  With 
many more observa t ions ,  a d e f i n i t e  r e l a t i o n  between average f and 
ave rage   s t ab i l i t y   cou ld   be   e s t ab l i shed .   Gene ra l ly ,   t he   Russ i an  
observat ions are qui te  compat ib le  wi th  those  obta ined  by  Cape  Kennedy. 
I n  a l l  bu t  t he  mos t  s t ab le  a i r ,  t h e  i n e r t i a l  r a n g e  seems t o  b e  
b 
b 
v a l i d  up to  wavelengths  of about 100 m a t  z = 25 m; and t o  200 m a t  z = 
100 m. Sometimes, t h e  -5/3 l a w  seems t o  b e  v a l i d  t o  much longer  
wavelengths;  the reason is  not  known. 
I I 1 . .  1 . " .  L ~ I 
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Figure 3.5 Lower limit of f = nz/V f o r  v a l i d i t y  of  Kolmogorov l a w .  
So l id  l i nes ,  Russ i an  da ta ;  b roken  l i nes ,  Cape Kennedy 
observa t ions .  
" . - .... .. . 
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I V .  THE RELATION BETWEEN W I N D  COMPONENTS AT DIFFERENT HEIGHTS 
Hans A. Panofskp 
4.1  Theory 
The s p e c t r a l  characteristics of the relat ionship between wind 
components a t  two he igh t s  are descr ibed by the cospectrum and t h e  
quadrature spectrum. We have already seen how t h e s e  statistics were 
evaluated,  between a l l  p a i r s  o f  l e v e l s  a v a i l a b l e .  However, s o  f a r ,  
o n l y  l i k e  components a t  each  pa i r  o f  he igh t s  have  been  r e l a t ed  to  each  
o t h e r .  From the  cospec t r a  and  quadrature   spectra   (normalized by t h e  
spec t r a  themse lves ) ,  two new statistics, which are func t ions  of t h e  
frequency n, can  be  computed;  the  coherence: 
( 4 . 1 )  coh(n) = c (n) + q (n) 2 2 
and the eddy s lope  s: 
( 4 . 2 )  s ( n )  = [a rc   t an(q /c) /2~rAf  
here ,  c and q (lower case) represent  cospec t ra  and  quadra ture  spec t ra ,  
respectively,  normalized by the geometric mean of the corresponding 
s p e c t r a  a t  t h e  same frequency, a t  t he  two levels. Af is def.ined  by: 
( 4 * 3 )  Af = nAz/V 
where n is the frequency,  V the  average  wind  in  the  layer  ana lyzed ,  and  
AZ the  separa t ion  be tween the  upper  and  lower  leve ls .  If Taylor 's  
11 f rozen  wave'' hypothesis  is ,val id ,  Af r ep resen t s  the r a t i o  of ver t ical  
sepa ra t ion  to  ho r i zon ta l  wave leng th .  
The quan t i ty  s ,  t h e  "eddy s lope" is t h e  r a t i o  of space delay 
between a s igna l  r each ing  the  two hei_ghts,  and Az. Thus, a small va lue  
of s r ep resen t s  a nea r ly  vertical eddy and vice versa. 
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It turns  out  tha t  s (n)  and  coh(n)  have  s impler  proper t ies  than  
c(n)  and q(n) .  It is the re fo re  sugges t ed  tha t  the s lope  and t h e  
coherence be est imated as func t ion  of mean variahles, and that q(n) and 
c(n)  be computed by so lv ing  Eqs.  (4.1) and (4.2) f o r  them: 
(4.4) q (n) = sin (2mAf) 
(4.5)  c(n) = cos (2mAf 1 
4.2 Analysis  and  estimation  of  coherence 
As w a s  sugges t ed   o r ig ina l ly  by Davenport (1961) there  ex i ,  Cts a 
kind of geometr ica l  s imi la r i ty  in  the  lower  a tmosphere  such  tha t  the  
cohe rence  has  r e l a t ive ly  s imple  p rope r t i e s  i f  ana lyzed  as func t ion  of 
Af rather  than s imply n.  This  means tha t  an  "eddy" wi th  ho r i zon ta l  
wavelength 1 km has  the  same s o r t  of coherence when AZ i s  100 m as an 
eddy of wavelength 500 m f o r  a separa t ion  of  50 m. 
Therefore ,  many graphs were constructed by computer,  g iv ing  the  
relationship between coherence and  Af. A n  example is g iven  in  F ig .  4.1.. 
Here, on the  same graph coherences from many height combinations are 
analyzed.  Apparently,   the  coherence is  in-dependent  of  height  or of 
h e i g h t  i n t e r v a l  Azo However,  comparison  of many such  graphs shows a 
v a r i a t i o n  w i t h  s t a b i l i t y  i n  t h e  s e n s e  t h a t ,  o t h e r  t h i n g s  b e i n g  e q u a l ,  
t he  cohe rence  inc reases  wi th  dec reas ing  s t ab i l i t y .  The re  a l so  seem t o  
be systematic  differences between locat ions,  which are not  ye t  unders tood .  
A l l  o f  the  coherence-Af graphs have considerable ,  but  unsystematic  
scatter. Within  the  apparent ly  random var ia t ions  of  the  iaad iv idua l  
p o i n t s ,  s i m p l e  e x p o n e n t i a l  f u n c t i o n s  a p p e a r  t o  f i t  t h e  g r a p h s .  T h e r e f o r e ,  
the graphs were p lo t ted  on  semi log  paper ,  and  s t ra ight  l ines  were f i t t e d  
by eye .  Equa t ions  fo r  t hese  l i nes  were t h e n  w r i t t e n  i n  t h e  form: 
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Figure 4.1 Typical  dependence of coherence on hf. 
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The quant i ty  AfOe5 is a c o n s t a n t  f o r  each l i n e ,  which rep resen t s  the 
va lue  of Af when the coherence  drops  to  0.5. mis quan t i ty  is, 
presumably, a func t ion  of s t a b i l i t y ,  a n d  p e r h a p s  o t h e r  f a c t o r s  s u c h  as 
terrain roughness  or  o ther  topographic  fea tures .  Of course,   once A f O e 5  
is  given, coherences can then  be  es t imated  from Eq. (4 .61.  
At first, the  hypothes is  was tes ted that  coherence depends on 
t h e  "power" of t h e  wind p r o f i l e ,  d(1og V)/d(log z) , which is known t o  
depend on s t a b i l i t y ,  h e i g h t  and r o u g h e s s .  The r e s u l t s  were d isappoin t ing ,  
and are no t  g iven  he re .  
F igures  4.2 and 4.3 g ive  the re la t ion  be tween fo  .5 and R i e f f ,  
the  e f fec t ive  Richardson  number f o r  t h e  l o n g i t u d i n a l  a n d  lateral wind 
components, r e spec t ive ly .  A s  we noted earlier, t h i s  q u a n t i t y  i s  t h e  
Richardson number e x t r a p o l a t e d  l i n e a r l y  from a va lue  computed c l o s e  t o  
the  ground  (see  Chapter 111). Observations  from many sources  are brought 
t oge the r  i n  these  f igu res .  Fo r  the  obse rva t ions  a t  the  Brookhaven 
Laboratory,  no sat isfactory Richardson numbers were g iven;  ins tead ,  the  
observa t ions  were c l a s s i f i e d  a c c o r d i n g  t o  t h e  Brookhaven gus t ines s  
c l a s s i f i c a t i o n .  T h i s  i n f o r m a t i o n  w a s  converted into Richardson number 
accord ing  to  a recipe  concocted  by Pries (unpublished).  Some fast-wind 
observa t ions  were assumed to  be  assoc ia ted  wi th  zero  Richardson  number. 
Apparently,   not a l l  obse rva t ions  can  be  f i t t ed  by a s i n g l e  l i n e .  Two 
l i n e s  were drawn  on each  graph;  one  for  the  observa t ions  for  Cape 
Kennedy, t h e  o t h e r  f o r  a l l  the  remaining  data.  Why the   coherences   in  
uns tab le  a i r  a t  Cape Kennedy are s igni f icant ly  lower  than  e l sewhere  (as  
i nd ica t ed  by the  graphs)  is no t  clear. One might  suspec t  an  e r ror  of 
computation, but none w a s  found i n  s p i t e  of thorough checking .  In  s tab le  
and n e u t r a l  air ,  the agreement between sites is f a i r l y  good; coherence 
e f f e c t i v e l y  d i s a p p e a r s  f o r  a Richardson number between 0.25  and 0.50, 
i n  agreement w i t h  o t h e r  estimates of the "critical" Richardson number. 
In  general ,  coherences of  u- and v-components are n o t  g r e a t l y  
d i f f e r e n t  from each o the r ,  w i th  s l i gh t ly  l a rge r  cohe rences  ind ica t ed  fo r  
lateral  components i n  u n s t a b l e  air. Al toge ther ,  then ,  F igs .  4.2 and 4.3 
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Figure  4.2 Dependence of fOe5 on R i  f o r   t h e  u-component. S o l i d   l i n e ,  fit  t o  
Cape  Kennedy site; broken f ine,  fit t o  sites o the r  t han  Cape  Kennedy. ef 
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Figure 4 . 3  Dependence  of fOm5 on Rieff for  t h e  v-conponent. Sol id  l ine,  f i t  t o  
\o 
Cape  Kennedy site; broken l ine,  fit t o  sites other than Cape Kennedy. 
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i nc luded  in  the  g raphs .  As input,  one would need two winds and two 
temperatures below 30 m o r  so. From these, .Richardson numbers would be 
computed and vertically e x t r a p o l a t e d  t o  the geometr ic  mean of two h e i g h t s  
in ques t ion ;  t he  m e a n  wind i n  the layer between these h e i g h t s  r e q u i r e d  
in  the  computa t ion  of  Af can  be  es t imated  wi th  suf f ic ien t  accuracy  6y  
l i n e a r  e x t r a p o l a t i o n  o r  i n t e r p o l a t i o n  o f  the two low-level winds on a 
graph with a logar i thmic  he ight  scale. Probably almost  equal ly  good 
estimates of A f O a 5  are p o s s i b l e  b y  u s e  o f  P a s q u i l l ' s  s t a b i l i t y  classes 
(Pasquill ,  1962) instead of Richardson numbers.  
F i n a l l y ,  a l l  the coherence graphs indicated a g r e a t  d e a l  o f  
scat ter ,  sugges t ing  tha t  the  coherence  estimates are no t  ve ry  p rec i se .  
I n  f a c t ,  f o r  Af > 0.12,  the coherence can be regarded as n e g l i g i b l e .  
4 . 3  Analysis  and est imat ion of  s lope s .~ 
A program w a s  developed which f i t t e d  p a r a b o l a e  of t he  form: 
t o  t he  cospec t r a  and  
( 4 . 8 )  y = c x - d x  
2 
to  the  quadra tu re  spec t r a ,  where  a,  b ,  c and d are cons tan ts .  Some of 
t h e  r e s u l t s  were machine-plotted and appeared to f i t  the  observa t ions  
reasonably w e l l .  From these parabolae. ,  s lopes were computed a t  f = 0.05 
and f = 0.10. 
F i r s t ,  t h e  s l o p e s  a t  f = 0.05 were ana lyzed  wi th  r e spec t  t o  
height and Richardson number.  Only systematic changes w i t h  he igh t  were 
found.  Thus, f o r  t h e  u-components, the average  s lope  s was 0 .7  when 
a l l  observa t ions  were a t  or  below 90 m. For a l l  observa t ions  a t  o r  above 
t h a t  level, the  average  w a s  0.5. 
The s l o p e s  f o r  t h e  v-components are much l a rge r  t han  those  of 
t he  u-components no t  on ly  a t  Cape Kennedy, b u t  a l s o  a t  t h r e e  o t h e r  sites. 
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The average slope from combinations of v-components at 18 m with 
v-components a t  30 m and 60 m is 1.7; slopes between 30 m and 90 m 
average  1 .4 ,  bu t  s lopes  involv ing  v-components on ly  a t  9Om and h ighe r  
levels average only 0.55. A t  p re sen t ,  the difference between the s lopes  
i n  t h e  two lower  layers  can h a r d l y  b e  j u d g e d  s i g n i f i c a n t ;  b u t  the change 
t o  lower values above 90 m certainly is .  Perhaps ,  for  the t i m e  being, 
it would b e   j u s t i f i e d   t o   u s e  s = 0.7 and s = 1.5 f o r  the u- and v- 
components, respectively,  below 90 m, and slopes of 0.5 above that level 
f o r  b o t h  components. 
The di f fe rence  be tween s lopes  a t  f = 0.10 and at 0.05 was a l s o  
analyzed as func t ion  of  e f fec t ive  Richardson  nuatber. The r e s u l t ,  with 
some observations  from White Sands  added, is g iven  in  F ig .  4 .4 .  Each 
po in t  r ep resen t s  an  ave rage  in  a given class of Richardson numbers. 
Except  for  some u-components du r ing  s t ab le  pe r iods ,  t he re  is no 
s i g n i f i c a n t  d i f f e r e n c e  a t  t h e  two f r equenc ie s .  The re fo re ,  fo r  t he  time 
being,  i t  is  recommended t o  assume t h a t  t h e  s l o p e s  s f o r  u and v are 
independent of frequency. 
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